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ABSTRACT

In [MV18], Mirkovi¢ and Vilonen proved a landmark result known as the geometric Satake
equivalence. If G is a complex connected reductive group and A is a field of characteristic 0 (or,
more generally, a Noetherian ring of finite global dimension), then the category Rep A(G’ A)
of finite-dimensional (or, more generally, finitely generated) representations of the Langlands
dual group G, is canonically equivalent, as a symmetric monoidal category, to the Satake
category Satg of L*G-equivariant perverse sheaves on the affine Grassmannian Grg, equipped
with the convolution product. This project is devoted to a detailed exposition of the proof of
this equivalence.
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1 Introduction

This bachelor project is devoted to a detailed exposition of the proof of the geometric Satake equivalence.
At its core, this equivalence provides a canonical construction of the representations of the Langlands
dual group of a reductive group, remedying the classical reconstruction theorem which is non-canonical.
Most of the exposition is inspired/following [BR18] and [Zhul6].

Let G be a connected, reductive group scheme of finite type over C. The main geometric object is the
affine Grassmannian, Grg, defined as the fpqe-quotient LG/L*G where the positive loop group L*G acts
on LG by right multiplication. It also acts by left multiplication, allowing us to define the category Sata
of L*G-equivariant perverse sheaves on (the underlying analytic topology of) Grg. The main occupation
of the proof is the verify that Sats is a neutral Tannakian cateogory (see Appendix ), which includes
promoting Satg to a symmetric monoidal category, which, arguably is the hardest part of the proof. Once
this has been established, the Tannakian reconstruction theorem (Appendix ) due to Deligne and
Milne in [DM18] supplies an affine group scheme and an equivalence of symmetric monoidal categories
between Sate and the representations of Gy.

More precisely,

Theorem 1.0.1 (Geometric Satake equivalence). Let G be a connected, reductive group scheme of finite
type over C, and let A be a field. The Satake category Satg is abelian and A-linear (and if char A = 0,
then Satq is semisimple). There is a “convolution product” » which promotes Satg to a symmetric
monoidal category Saty, that is rigid, and there is a canonical equivalence Endgas,, (1) ~ A. The functor
H* = @pez H*(Grg, -) = Satg — Mod'{ is (strong) symmetric monoidal, exact, and faithful, witnessing
Satg as a neutral Tannakian category.

Consequently, by Tannakian reconstruction (see Theorem ), there is an affine group scheme
Ga ~ Aut®(H*) and an equivalence ST : Satg — Rep, (Ga) of symmetric monoidal categories such that
the diagram

Satg; ST > Repy (G)®
% Aet
Mod%

commutes. Furthermore, G is a connected, split reductive group of finite type over A. There is a canonical
X, (T)-grading on H* which exhibits a maximal torus 7' c G, with respect to which the root datum of
G is the dual root datum of G. In particular, G is the Langlands dual group of G over A.

While our primary focus will be constructible Betti sheaves with coefficients in a field A (of charac-
teristic 0), other sheaf-theoretic variants exist:

e Over the base field C, the coefficients can be any commutative Noetherian ring of finite global
dimension  (like Z), provided we restrict the Satake category to sheaves with flat or torsion-free
stalks and costalks, and target the category of finitely generated projective A-modules.

e If we change the sheaf theory to étale sheaves, we may even work over an algebraically closed field
k of positive characteristic, with coefficient ring Z; or F; (I # char k).

Because of this, I have chosen to do the exposition as algebraically as I could, even though there might
be short cuts to some results/proofs using properties of the underlying analytic topology. I wont mention
these two variants in the main body; I just including them here for completeness.

1.1  Quick review

This project is structured as follows. In Section 2, we introduce the primary geometric object of study:
the affine Grassmannian Grg associated with a linear algebraic group G over k. We show that Grg is a
strict ind-scheme of ind-finite type, and specifically ind-projective when G is reductive. We conclude the
section by equipping Grg with a natural stratification by L*G-orbits.

1So we have a reasonable six-functor formalism of constructible sheaves on the underlying analytic topology, see [Ach21].



Daniel Pham Nguyen Geometric Satake Equivalence

In Section 3, we define the Satake category Satg as the category of L™ G-equivariant perverse sheaves
on Grg, or equivalent, the category of perverse sheaves on the Hecke stack Hckg. We establish that
Sate is semisimple when char A = 0, a property that ensures the reconstructed group scheme Gj is
reductive. Furthermore, we equip Satg with a monoidal structure x called convolution and a fiber functor
H* : Satg - Mody, paving the way for Tannakian reconstruction.

In Section 41 we construct relative versions of the affine Grassmannian and the Hecke stack over a
reduced, connected complex curve X. Here, the classical condition of universal local acyclicity (ULA)
is reinterpreted categorically as suaveness within the constructible six-functor formalism. This relative
framework allows us to identify the convolution product on Sats with a “fusion product” on the relative
Satake category Saty. Using an Eckmann-Hilton style argument, we subsequently prove the symmetric
monoidality of both the convolution product and the fiber functor.

Finally, in Section 5, we employ the weight functors of Mirkovi¢ and Vilonen to construct a closed im-
mersion T — G, identifying the source as a split maximal torus of the target. This explicit construction
verifies that the root datum of the reconstructed group matches that of the Langlands dual.

In Appendix A we state the Tannakian reconstruction theorem and related results that we will use.
This is taken from [DM18].

In Appendix B we recall some standard notions from the theory of reductive groups. This is taken
from [Spr9g].

In Appendix O we construct the convolution product in a general oco-categorical setting. The main
statement is that if X is an co-topos and A € Grp(X) is a group object, and M € Mon(X) is a monoid object
(or group object) with compatible A-actions form both left and right, then the double quotient quotient
A\M /A becomes a monoid/group object in the oo-category of correspondences Corr(X). Consequently,
any if D : Corr(X)® — Cat™ is a six-functor formalism, then D(A\M/A) is a monoidal co-category
whose tensor product is different from the “ordinary” tensor product, and (at least) as “coherent” as the
multiplication on M is.

1.2 Notation and conventions

Throughout the text, we use standard notation from the theory of reductive groups, which is briefly
reviewed in Appendix 3. We also use theory of G-torsors (principal G-bundles), following [NSS14]. In
particular, Shvepqc(Affy) will denote the co-topos of An-valued sheaves in fpgc-topology, however, all
stacks that we consider will (at worst) 1-truncated. The sheaf theoretic aspects are sourced from [Ach21],
but we have chosen to write in the modern language of stable oco-categories opposed to triangulated
categories.
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2 The affine Grassmannian

The goal of this section is to introduce the affine Grassmannian Grg associated to a linear algebraic group
G. In Section We show that Grg is represented by a strict ind-scheme that is ind-of finite type, and is
ind-projective when G is reductive (Theorem ). In Section 2.3, we equip Grg with a stratification into
L*G-orbits under the left action of the positive loop group L*G, indexed by the dominant cocharacters
X.(T)* (Theorem ). However, before constructing the affine Grassmannian, we discuss properties
of the loop group LG and the positive loop group L*G in Section

2.1 Formal geometry and loop spaces

To define the affine Grassmannian, we have to introduce the loop group and positive loop group LG and
L*G whose functor of points are LG(R) = G(R((t))) and L*G([[t]])-
Definition 2.1.1. Let k be a field. We define the n'* infinitesimal disk, the disk, and the punctured disk
by

D,, ~Spec(k[t]/t"), D ~Spec(k[[t]]), and D°=~Spec(k((t)))

respectively. If R is a k-algebra, we define their relative versions over R as
D,, r ~Spec(R[t]/t"), Dgr=~Spec(R[[t]]), and D% =~ Spec(R((1))).
Let 7p, : D,, - Spec(k) be the canonical structural morphism. The composite functor

Dy *

Sthqu(Aﬂ.k) ﬂDn,} Sthpqc(Aﬁk)/Dn — Sthqu(Aﬁ.k)

is called the n'™ loop functor and is denoted L™. The natural quotients k[t]/t" — k[t]/t""! induce maps
L™ - L™ !, and we define the positive loop functor as the limit L* ~ lim,,eyor L".

Furthermore, we define the loop functor L : PShv(Affy) — PShv(Affy) globally by precomposition
with the Laurent series functor R —~ R((t)).

Remark 2.1.2. 1. If X is an affine scheme of finite type, we will see in Proposition that LX is
representable by a strict ind-scheme, which ensures it is an fpqc sheaf. Consequently, L preserves
finite limits of such X, so if G is a linear algebraic group, then LG is a group object.

2. By definition, L"X(R) = X(R[t]/t") and L*X(R) = X (limuenor R[t]/t") = X(R[[t]]). Also, L™
preserves limits by construction, and so does L™.

3. Note that D xgpec(k) Spec(R) # Dg nor is D° xgpeq(r) Spec(R) # D
Example 2.1.3. If X = Al then L* X (R) = R[[t]] and LX (R) = R((t)). Therefore L* X =~ Speck[ro,r1,..., ]
and LX = colim;en Speck[r_i, 7—is1,- .y -
The next proposition concerns the geometry of (positive) loop spaces.
Proposition 2.1.4. Let k be a field.

(1) If X is a scheme of finite type over k, then L™X is represented by a scheme of finite type over k,
and LY X ~ lim,nor L™ X is represented by a scheme. If X is affine, then sois L*X. If Z - X is an
open (resp. closed) immersion, then so is L*Z — L*X.

(2) If X is smooth over k, then both L*X and LX are formally smooth. Also, L* X is reduced.

(3) If X is an affine scheme of finite type over k, then LX is represented by a strict ind-scheme that is
ind-of finite type. If Z — X is a closed immersion, then so is LZ - LX.

(4) If X is an affine scheme of finite type over k, then L*X — LX is a closed immersion.

Proof. In our applications, X will always be affine, so suppose X ~ Spec(k[z1,...,zn]/(f1,---,[fr)) I8
affine. For any k-algebra R, an R-point of L™ X is a k-algebra homomorphism from k[z1,...,zx]/(f1,---, fr)
to R[t]/(t"). This is determined by assigning x; = X7 a;;t' such that each f; vanishes in R[¢]/(t").
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Expanding f; and setting the coefficient of each t* to zero gives a finite system of polynomial equations
in the variables a;;. Thus, L™ X is represented by

I"X = Spec( k[{aii}i] )

(coefficients of t* in f;)

which is clearly an affine scheme of finite type over k. Since L*X =~ lim,enor L™ X and an inverse limit of
affine schemes is an affine scheme, L* X is affine.

If Z - X is a closed immersion, Z is defined by additional equations. The functor L™Z is cut out
from L™ X by setting the coefficients of these new equations to zero, meaning L"Z — L"X is a closed
immersion. The claim for L* follows by taking limits.

If Z~U - X is an open immersion, say a principal open U = D(f), then a map Spec(R[t]/(t")) - X
factors through U if and only if the pullback of f is invertible in R[¢]/(¢"™). Le. if and only if its constant
term is invertible in R. Thus, L™U is the open subscheme of L™ X defined by the non-vanishing of the
constant term of f, making L"U — L" X an open immersion. Taking the limit, this preserves the open
immersion for L*.

For (2), we first show formal smoothness. We must show that for any k-algebra B and any nilpotent
ideal I ¢ B, the maps X (B[[t]]) = X ((B/I)[[t]]) and X (B((t))) = X ((B/I)((t))) are surjective. Note that
the kernel of the projection B[[t]] - (B/I)[[t]] is the ideal I[[¢]]. If IV = 0in B, then (I[[t]))" = IN[[¢]] =0,
meaning I[[¢]] is a nilpotent ideal in B[[¢]]. Similarly, the kernel I((¢)) of B((t)) = (B/I)((t)) is a nilpotent
ideal in B((t)). Now the lifts exist by smoothness of X. This proves both L*X and LX are formally
smooth.

To see that L* X is reduced, note that the exact same formal smoothness argument applies to L™ X
(where the nilpotent kernel is I[t]/(¢")). Since L™ X is formally smooth and of finite type over k, it is
smooth. Any smooth scheme over a field is regular, and therefore reduced. Because X is smooth, the
transition maps L""'X — L"X are smooth, which makes the corresponding maps of coordinate rings
O(L"X) - O(L™!X) injective. Since O(L*X) = colim,ey O(L™X) is a direct limit of reduced rings with
injective transition maps, it contains no nilpotents. Thus, L™ X is reduced.

For (3), let X = Spec(k[z1,...,xn5]/(f;))- Define the subfunctor L™ X c LX of those maps Spec(R((t))) —
X that take x; = Y52 a;;t' (i.e. pole of order at most m). Substituting these into the relations f; = 0
yields a system of equations on the coefficients a;;, so L™ X is represented by the affine scheme
Spec(k[{a;;}]/(relations)). There are canonical closed immersions L™ X — LU™*D X taking a; 1
to 0 (but allowing a pole of order m + 1). It follows that LX = colimyey L™ X making LX a strict
ind-scheme, ind-of finite type.

If Z - X is a closed immersion, then L("™)Z is a closed subscheme of L™ X by the exact same logic
as in part (1). Since a colimit of closed immersions of ind-schemes is a closed immersion, LZ - LX is a
closed immersion.

Finally, (4) follows from (3) by noting that L*X ~ L)X, O
Proposition 2.1.5. Let k be a field, and let G be an affine group scheme over k.
(1) The stack B(L*G) of L*G-torsors represents the functor

Torsg(D-) : Alg;, —» Grpd c An,

which assigns to a k-algebra R the category of G-torsors on the disk Dy, Torsg(Dg).

(2) If G —» H is a closed immersion of affine group schemes over k, then the canonical map L*H/L*G —
L*(H/G) is an isomorphism. Furthermore, the canonical map LH/LG — L(H/G) is a monomor-
phism.

(3) Let K,, = ker(L*G - L"G). The congruence subgroup L>°G = K is a pro-algebraic unipotent
group. Specifically, L>°G =~ Lir_nn LK1 /K,, where each quotient K, /K. is represented by an
affine space.

eNo

Proof. For (1), recall that an L*G-torsor P over Spec(R) is an fpqc sheaf on Aff g for which there exists
a faithfully flat cover R — R’ on which P trivializes. The descent datum for this torsor is classified by an
element

ge L'G(R'@r ') = G((R g R)[[t]]) ~ G(R'[[t]] ®rpey R[[L])
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Because R — R’ is an fpqc cover, the induced map R[[t]] - R'[[¢]] is also faithfully flat, hence an fpqc cover.
Therefore, this exact same 1-cocycle g gives the descent datum for gluing the trivial G-torsor over D g
into a G-torsor over Dpg. Since G is an affine group scheme, G-torsors on affine schemes are themselves
affine. Fpqc descent for affine schemes is effective, meaning this descent datum uniquely determines a
globally defined G-torsor on Dpg.

For (2), Let X = H/G. Since G is a closed subgroup of an affine group scheme, the quotient X exists
as a scheme, and the projection H - X is an fpqc G-torsor. Let Dr — X be an R-point of L* X, and let
P be the G-torsor defined by Dg xx H. By part (1), P corresponds to an L*G-torsor on Spec(R). Let
f:+ R — R’ be an fpgc-cover on which this torsor becomes trivial. A trivialization of f*(P) on D is the
same as a lift of Dg - X to a map Dy — H. Since every point of L™ X lifts locally to L*H, the map
L*H/L*G - L*X is an epimorphism. It is canonically a monomorphism because the fibers are exactly
the L*G-orbits. Thus, it is an isomorphism.

For the final assertion, we show that LH(R)/LG(R) — L(H/G)(R) is injective. Suppose a,b € LH(R)
map to the same element in LX (R). By definition, @ and b are maps D% — H whose compositions with
H — X coincide. This induces a map D% — H xx H. Because H — X is a principal G-bundle, we have
an isomorphism H xx H = H x G given by (h,h-g) < (h,g). Therefore, our map to the fiber product
corresponds to the map D%, — H (which is a) and a uniquely determined map D% — G. This second
map gives an element g € G(D%) = LG(R) such that b = a - g. This means a and b belong to the same
LG(R)-orbit, proving injectivity.

(3) will be omitted. O

2.2 The affine Grassmannian

From now on, let G be a smooth affine group scheme of finite type over k. Note that L*G is a subgroup of
LG and thus acts by left and right multiplication, denoted oy, : L*Gx LG - LG and ag : LGXxL*G - LG.
The natural inclusion L*G — LG induces a push-forward map of stacks B(L*G) - B(LG) (extension of
the structure group). Furthermore, by Proposition , LG - LG is a closed immersion.

Definition 2.2.1. The Hecke stack and the affine Grassmannian are the fpqc-sheaves Hckg and Grg
defined by Cartesian squares in Shv(Affzqu)

Grg — Hckg ——— B(L+G)

l at | am |

+ — B(L*G) —— B(LG)

where * ~ Spec(k) picks out the trivial L*G-bundle. Equivalently, Grg ~ LG/L*G and Hckg ~ LYG\LG/L*G.
Remark 2.2.2. 1. As B(L*G) and B(LG) are 1-truncated (values in Grpd), so are Grg and Hekg,
but it turns out that Grg is O-truncated. Indeed, according to Proposition the R-points of
Grg are apriori the groupoid with objects
Gra(R) = {(€,8) | € € Tors (D), B+ €ps. = €%},
where a map between pairs (€, 8) and (€',8’) is a map ¢ : € » £ such that 5'¢|pe = B; the latter
uniquely determines ¢, as Dy c Dg is dense. '

The Hecke stack is however genuinely 1-truncated. Its R-points are the groupoid with objects
Hekg(R) = {(€, &', 8| €,€" € Torsg(DRr), B : €ps, = E(D%}
2. By definition, Grg is the fpqc sheafification of the presheaf R — LG(R)/L*G(R). If R is a ring for

which every principal G-bundle on Dpg is trivial, then the sheafification evaluated at R coincides
exactly with the “naive” quotient:

Grg(R) = LG(R)/LG(R) = G(R((1)))/G(R[[t]).

This is the case if R is an algebraically closed field (e.g. C or F,). Over such rings, points of the
Affine Grassmannian are literally just the cosets.
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3. Since G is a smooth affine group scheme, the loop group LG and positive loop group LG are formally
smooth. Consequently, the quotient Grg inherits this property and is a formally smooth (apriori)
ind-scheme, see Proposition

4. If G = GL,,, then B(L*G) classifies rank n vector bundles on the disk Dg, which are lattices in
R((t))". Explicitly, a lattice is a pair (V,5) where:

(a) V is alocally free R[[t]]-module of rank n (the vector bundle on Dpg).
b) B:V ®@pmy R(1) = R((t))" is an R((t))-linear isomorphism (the trivialization over D%).
[0 R

Via the isomorphism 3, we can identify V with an R[[t]-submodule of the standard loop vector
space R((t))". The standard lattice is defined as the canonical submodule Ar = R[[t]]™ c R((¢))™.

Theorem 2.2.3. The sheaf Grg is represented by a strict ind-scheme, ind-of finite type over k. If G is
reductive, then Grg is ind-projective.

If X c Grg is quasi-compact subscheme (e.g. any finite-dimensional closed subvariety), then the L*G-

action on C factors through a finite-dimensional algebraic group quotient LG = L*G/Ky for some
integer N > 0, where Ky =ker(L*G - LN G).
Remark 2.2.4. The first assertion in Theorem asserts that Grg is a “nice” geometric object (it
is formally smooth), but one must be careful with its scheme-theoretic structure: it is not necessarily
reduced. In fact, by a theorem of Beilinson and Drinfeld, LG (or equivalently Grg) is reduced if and only
if Hom(G, G,;,) = 0 if and only if G is perfect (e.g. semisimple), see [BD94, Theorem 4.5.1.]. However, the
sheaf-theory that we will consider only depends on the underlying (analytic) topology, so we may as well
work with (Grg)red-

The second assertion will be relevant when we discuss L™ G-equivariant perverse sheaves on Grg.

The rest of this subsection is dedicated to the proof of Theorem . The general case will be reduced
to G = GL,,, and in that case, it follows from explicit computations with lattices.

Proposition 2.2.5. The sheaf Grgr,, is represented by a strict ind-scheme that is ind-of finite type over
k and ind-projective.

First, we need some lemmas on lattices.

Lemma 2.2.6. If V is a finitely generated R[[¢]]-submodule of R((t))", then the canonical map V ® [
R((t)) = R((t))"™ is an equivalence if and only if there exists an integer N > 0 such that tYAr c V c t ™V Ag.

Proof. Suppose the map is an equivalence. Pick generators v1,...,v; € R((t))"™. Since each v; is a vector
of Laurent series, there exists an integer N; > 0 such that ™ v; € R[[t]]" = Ag for all 4. Thus t"1V c Ag,
meaning V ¢t~ ™M Ag. Since V spans R((t))" after inverting ¢, the standard basis vectors e1,..., e, of Ag
can be written as finite sums e; = ¥ ¢;;v; with ¢;; € R((¢)). Pick Ny large enough such that tV2¢;; € R[[t]].
Thus t™2e; € V for all j, implying t"2Ap c V. Taking N = max(Ny, N3) yields the desired bound.
Conversely, applying - ® gy R((2)) to tNAg c V ct7N AR turns both bounding modules into R((t))",
forcing the middle term to be an equivalence as well. O

Before the next lemma, we introduce some notation over k. Let Ay = k[[t]]"” be the standard lattice
over the base field, and define the finite-dimensional k-vector space Vi = "N Ay [tV Ay, We consider the
standard Grassmannian Gr(Vy) which is projective and of finite type over k.

For any k-algebra R, we have Viy ® R~tVAg/tNY Ar = My. The R-points of the Grassmannian are
exactly given by:

Gr(Vn)(R) ={U c My | coker(U c My) € Vect(R)}.

Let 0 > U - Oa,: ®k Vv — Q — 0 be the universal exact sequence of vector bundles on the scheme Gr(Vy).

The k-linear map t : Vy — Vi induces a global vector bundle endomorphism Og, ® Vn AN Oar ®; Vn,
and we define Gr™) as the closed subscheme of Gr(Vn) given by the vanishing locus of the composite
section

51U Oy ® Vv = 0y ® Vi > Q,

viewed as a global section of Hom(U, Q).
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Lemma 2.2.7. Gr'™) is a projective scheme of finite type over k, and its R-points are given by
Gr™(R) = (U eGr(Vy)(R) | tU c U}.

Proof. Gr™™) ¢ Gr(Vy) is closed, so it inherits projectiveness and is of finite type over k. Recall that
an R-point of Gr(Vy) corresponds to a quotient module (Vy ® R)/U € Vect(R), which is equivalent to
pulling back the universal exact sequence to Spec(R). R-point factors through Gr™ if and only if the
pullback of the section s to Spec(R) is zero. That is, the R-points of Gr'™ are the U e Gr(Vy)(R) for
which the composite

U-VyeyR>Vye, R (Vy ey R)U
is the zero map. O

Proof of Proposition . We will show that the scheme Gr(™) represents the functor V) : AffP =~
Alg, — Set that assigns to R the set of bounded lattices

FMN(R) = {V c R((t))" | V is a lattice and tNAr c V c ™V Ag}.

If V is such a lattice, then it is an R[[t]]-module, so stable under ¢ (i.e. tV c V). Because t¥ Ag c V, the
quotient U = V/tN Ay is a well-defined R-submodule of My =t N Ar/tNAg ~ Vy ® R.

By Lemma , V being a projective R[[t]]-module bounded inside t "N Ag is equivalent to the
quotient t "NV Ar/V being a finitely generated projective R-module. Since My /U ~ t "N Ar/V, we deduce
that U defines a valid R-point U € Gr(Vy)(R). Furthermore, the R[[¢]]-module structure ¢V c V pushes
forward to the quotient, implying tU c U. By the preceding Lemma, U is an R-point of the closed
subscheme Gr™).

Conversely, pulling back an R-point U ¢ Gr”)(R) uniquely reconstructs an R[[t]]-submodule V c
R((t))" satisfying the required bounds, establishing a canonical isomorphism of functors Gr™¥) ~ F(V),

Finally, there are canonical transition maps Gr®™ o Gr*Y | Because projective schemes are proper
over k, and any proper monomorphism of schemes is a closed immersion, these transition maps are closed

immersions. By Lemma and Remark we get a presentation Grgr,, = colimy ar®™,
O

Lemma 2.2.8. If R is a k-algebra, F is a finitely generated free R[[¢]]-module (e.g., E =t~ R[¢]]"),
and V c E is an R[[t]]-submodule containing t* E for some integer K > 0, then V is a finitely generated
projective R[[¢]]-module if and only if the quotient @ = E/V is a finitely generated projective R-module.

Proof. First, assume Q = E/V is a finitely generated projective R-module. R = R[[¢]]/(t) admits the
length-one free resolution 0 - R[[¢]] 5 R[[t]] = R — 0 as R[[t]]-module, which implies that R has projec-
tive dimension 1 over R[[t]]. Because @ is a projective R-module, it inherits the bound: proj. dim g (Q) <
1. The middle term in the exact sequence

0-V->FE->Q-0

is free, and thus the kernel V must be projective over R[[¢]].

Conversely, assume V is a finitely generated projective R[[t]]-module. Because projective modules are
flat, and R[[t]] is flat over R, both E and V are flat R-modules. The quotient @ = E/V is finitely presented
over R, and for finitely presented modules, flatness is equivalent to projectivity. By the Local Criterion
of Flatness, @ is flat over R if and only if Torf(Q, k) =0 for every residue field x = R/m. Tensoring the
exact sequence above with « yields

O»Torf(Q,m)+V®Rmi>E®R/@.

The modules V ®@r k and E ®p ~ are free modules over the principal ideal domain x[[¢]]. Because V'
bounds a power of ¢ in E, the cokernel of ¢ is ¢t-torsion, which over a PID forces the map ¢ to be injective.
Thus Tor{%(Q, k) =0, proving @ is flat and therefore projective over R. O

Theorem will follow from the following lemmas:
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Lemma 2.2.9. There is a closed immersion G - GL,, of group schemes over k such that the quotient
GL,, /G is quasi-affine. Furthermore, if G is reductive, then the closed immersion G - GL,, can be chosen
so GL,, /G is affine.

Lemma 2.2.10. If p : G - GL,, is a closed immersion of k[[¢]]-group schemes such that GL, /G is
quasi-affine, then the induced map Grg — Grgr, is a locally closed embedding. Furthermore, if GL,, /G
is affine, then Grg — Grar, is a closed embedding.

References for Lemma . see [PRO8, Proposition 1.3] and [Alp18, Corollary 9.7.7]. O

Proof of Lemma . Write H for GL,,. It suffices to show that the left vertical map in diagram below
to the left is (locally) closed:

P —— Grg P ——— Spec R xpr+my B(L*G)
l cart l l cart lg
Spec R —— Grpy Spec R —— Spec R xp(ny B(LG)

By definition of Gr, the diagram to the right above is a pullback square as well. It suffices to verify
that g is (locally) closed. Pick an fpqc-cover Spec R — Spec R such that Spec R* - Spec R - B(L*H)
factors through * (see [NSS14, Proposition 3.12]). It follows that the diagram below is cartesian, and the
horizontal maps are fpqc-covers.

Spec R' x L*H|L*G —— Spec R xg(+ ) B(L*G)

g'l cart lg

Spec R' x LH /LG ———— Spec R xp(gy B(LG)

Since the property of being (locally) closed is local on target in the fpgc-topology ([Sta26, D,
we may equivalently verify that ¢’ is (locally) closed. ¢’ is induced by the map L*H/L*G - LH/LG, and
according Proposition , Proposition , and the assumption, there is a diagram like this:

L*H|L*G — LH/LG

| l

L*(H|G) —— L(H/QG)

Consequently, the top horizontal map is a closed immersion. O
Proof of Theorem . Take a closed immersion G - GL,, such that Grg¢ — Grar,, is a closed immersion
(Lemma and Lemma ). The first assertion follows from Proposition

For the second assertion, let X c Grg be a quasi-compact subscheme, and let Xqr,, denote its image
in Grgr, under the closed embedding, which is also quasi-compact Grar,,, and thus factors through a
finite stage Xqr,, c Grt™ ) (here we use the presentation from the proof of Proposition , Grgn, =
colim Gr(M), where the M-th stage GrM) parameterizes lattices V bounded by t™A c V c t~MA).

This implies that for every point z € X, its corresponding lattice V, c k((¢))" satisfies tA c V, c
tMA. We claim that the subgroup

K$bn = {g(t) e L*GL, | g(t) = I (mod t**)} = ker(L* GL,, » L** GL,,)

stabilizes every such lattice V. If f(t) = I +t*M A(t) € KS\IZ” (where A(t) is a matrix with entries in
k[[t]]) and v € V, then
F@)-v=T+t*A(t))v=v+t*" A(t)v.

Since v € V, c t ™M A, we have A(t)v e t™MA, so t* A(t)v e t™A c V. Thus f(t)-v € V,, which means
f(t)- Vi € V. Since the inverse of f(t) also lies in K-, we have f(t)™! -V, ¢ V,, yielding f(t)- Vi = V;.
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Since this holds for every x € X, the subgroup K S\I/}" acts trivially on the entirety of Xqr,, . The action
of L*G on X restricts from the action of L* GL,, on Xg, . Therefore, every element of K$;, = L*GnKSim
must fix every point of X, showing that the global L*G-action on X factors uniformly through the finite-
dimensional algebraic group quotient L*G/KQGM = [2M@. O

2.3 The Schubert cells Gr)

Next, we aim to construct a good stratification of Grg indexed by the partial odering of the dominant
. . A
cocharacters, (X, (T)*,<). If A € X, (T) is a cocharacter, let t* denote the point * 5 LG,, > LG and,

A
abusively, also the point * N JeRN Grg. Note that L*G acts on Grg by left multiplication. The orbit of
Ly under this action is denoted Grgy and is called a Schubert cell.
We write O and X for k[[t]] and k((t)). Throughout, we fix a split maximal torus T'c G and a Borel
subgroup B > T, which determines a system of positive roots and identifies the quotient X, (7")/W with
a set of dominant cocharacters X, (T)* (see Appendix B3).

Theorem 2.3.1. (1) There is a set-theoretic decomposition called the Cartan decomposition

CGrg= || GO#GO)= |] GCry.
Xe X, (T)+ e X, (T)*

(2) Gr, is a smooth connected quasi-projective variety of dimension (2p, A), and Gr) is an irreducible
projective variety (which is not neccesarily smooth). Furthermore,

Gry = U Gr, =Greyn and Grg=~ colim Gry.
neX.(T)+,m<A AeX. (T)*

(3) The orbit Gry is an affine bundle over the partial flag variety G/Py, where Py is the parabolic
subgroup generated by the opposite Borel B~ and the root subgroups U, for « such that {(«, A) = 0.
In particular, Gr) is simply connected.

(4) The connected components of Grg are canonically indexed by X, (T)/W =~ X, (T)*, and Gry and
Gr,, lie in the same connected component if and only if A—n e Q¥ if and only if dim Gry = dim Gr,,
(mod 2)

Proof. For the full proof of (1), see [Tit79, §3.3.3]. However, in the case of G = GL,,, this is fundamentally
a reformulation of the Smith Normal Form theorem for the PID O = k[[¢]].
Let g € GL,(X). By the Smith Normal Form theorem, there exist A, B € GL,(0) and a diagonal

matrix D € GL,(X) such that ¢ = ADB, with D = diag(ds,...,d,) satisfying dy | d2 | ... | d, in
0. The only elements oft X (up to multiplication by units in 0*) are powers of the uniformizer ¢, so
we can write D = diag(¢"™*,t™2,...,t™) for some integers m; € Z. The divisibility condition implies

my < mg < --- < m,,. Because permutation matrices belong to GL,(0), we can absorb left and right
multiplications by permutation matrices into A and B to reorder the diagonal entries in decreasing order,
AL 2 A 22 Ag

Consequently, g € GL, (0)t* GL,(0) for A = (A1,...,A\) € X.(T)*. The uniqueness of the invariant
factors in the Smith Normal Form ensures that these double cosets are disjoint, completing the proof.

For (2), the assertions about Gry and Gr) is a consequence of the L*G-action on the point t* factoring
through a finite quotient (Theorem ). Note that the stabilizer of ¢* is L*G nt*L*Gt™*, so Gry =~
L*G/L*Gnt*L*Gt~. Therefore, dim(Gry) is given by the dimension of the quotient of their Lie algebras.
Lie(L*G) ~ g[[t]] decomposes into its Cartan root spaces g[[t]] = t[[t]] ® Paes 9a[[t]]- The adjoint action
of t* on the Cartan subalgebra is trivial, contributing 0 to the codimension. On a root space ga, the
adjoint action scales by t{**). Thus, the contribution to the codimension from « is the dimension of

go[[1]]
go[[t] ntleNga [t

2Quick definition: A closed subgroup P c G is parabolic if it contains a Borel
3See Appendix

10
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If («,\) < 0, this intersection is go[[t]], yielding a codimension of 0. If {(a,A) > 0, the quotient has
dimension (o, ) with basis {z4,tZa,...,t*N 1z }. Since A € X, (T)* is dominant, (o, \) > 0 precisely
for the positive roots ®*, so
dim(Gry) = > (o, A) = (2p, A).
aedt

To show that U,<) Gt c Gry, it suffices to show that t* € Gry for every u < \. By induction on the
dominant order, we may assume A = pu + «" for a positive root a. Let z, : G, > U, c G be the positive
root map. We claim that the curve C

Al~G, =[G, —2 LG~ LG —— Grg

is contained in Gry but at ¢ = 0, where it hits ¢*. The cocharacter u corresponds to diag(t¥,¢ %) in the
associated SLg, where k = (a, u) > 0, so the matrix representation of C'(c) is

Loa '\ (tF 0 (th etF?

0o 1 J\o ¢%) " \o % )
Since ¢ is a unit, the ideal generated by the entries is strictly (t7%7!). Since the determinant is 1, the
invariant factors are exactly t~*~! and t**!, which corresponds to the cocharacter p + a" = A. Thus,
C(c) € Gry for all ¢+ 0. At ¢ =0, C(0) =#*. Since A! is irreducible, the limit point C'(0) must lie in the
topological closure of the generic image, proving t* € Gry. See [Zhu16, Proposition 2.1.5(1)] for the other
inclusion.

For (3), first note that there is a short exact sequence in which ev: L*G - G = L'G,t ~ 0 admits a
section,

1 y Ky y LG =S G > 1

so LG = K; x G. Let Qy = L*G nt*L*Gt™ be the stabilizer of t*. Because L*G splits, the stabilizer
also splits @ = (Qxn K1) xev(Qy). We determine the image ev(Qy) ¢ G. An element g € G c L*G lies
in ev(Q,) if and only if t~*gt* € L*G. We test this condition on the root subgroups U, c G. For u € U,,
conjugation by ¢ scales the element by ¢t~{®*) For this to remain in L*G, we require {ca, A) < 0. Because
A is a dominant cocharacter, (c, A) > 0 for all positive roots. Thus, for a positive root «, the condition is
satisfied if and only if (a, A) = 0. For a negative root, the condition is trivially satisfied.

Therefore, ev(Q,) contains the full maximal torus T, all negative root subgroups, and exactly the
positive root subgroups orthogonal to A, making it the opposite parabolic subgroup Pj .

We can now express the Schubert cell as a quotient of semidirect products,

GI‘)\ ~

L G KixG ( Ky )
= —~Gxp- | —————
Qx  (QanKp)xP; A\NQAN K

which identifies Gry is an associated bundle over G/Py. Let V = K; /(QAnK7). Since the action of L*G on
Gr), factors through a finite-dimensional quotient L™ G for n > 1, V is determined by a finite-dimensional
quotient of unipotent algebraic groups, which in characteristic 0, is isomorphic to AN (explicitly, N =
dim(Gry) - dim(G/Py) = (2p, A) — |2 \ ®7]). Because the projection map G — G/Py is Zariski-locally
trivial, the associated bundle G x P AN - @G/ Py is a Zariski-locally trivial fibration with fiber AN proving
that Gry is an affine bundle over G/P5.

Finally, G/P5 decomposes into affine cells A¥ (see [Spr98, Proposition 8.5.1]). Since the lowest-
dimensional cell (excluding the point AY) is A', there are no cells in real dimension 2, making G/Py
simply-connected. Since 71(G/Py) = 0, we conclude that Gry is simply connected (by the long-exact
sequence).

For (4), partition the set of dominant cocharacters X, (7T')* into equivalence classes modulo Q. For
each class [A], we set

GI‘[)\] = U Grn .
neX.(T)*
n=x  (mod Q)

11
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From (1) and (2), it follows that these are open, closed, connected, and partition Grg, so they form the
connected components.

Recall that the Weyl group W acts X, (T') by so (1) = = {a, p)a" (s, a standard reflection), so the
induced action on X, (7)/Q" is trivial. But every cocharacter in X, (T') is conjugate under W to exactly
one dominant cocharacter in X, (7")*. Since the Weyl group preserves the equivalence classes modulo @V,
the inclusion X, (T)* — X, (T) induces a canonical bijection

X(T)'/QF — Xu(T)/Q" = m(G)

See [Zhul6, Proposition 2.1.5, Theorem 1.3.11], [BR18, Proposition 3.2], and [BD94] for other treatments.
O

Remark 2.3.2. The decomposition Gr) = Up<x Gry in L*G-orbits is a L*G-equivariantly good stratifi-
cation in the sense of [Ach21, Definition 2.3.1, 2.3.20, 6.5.2], which basically means that if L is a local
system on Gr,,, then its *-pushforward is constructible with respect to the stratification. Indeed, we must
verify that the L*G-action on Gry has finitely many orbits, and factors through a finite stage. This is
the content of Theorem and Theorem , as there are only finitely many dominant cocharacters
w with g <A

12
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3 The Satake Category Satg

In this section we will introduce the Satake category. As explained in the introduction, we work with
constructible Betti sheaves (i.e. sheaves on the underlying analytic topology), and so from now on k
will be C. in Section , we briefly recall the notion of constructible sheaves, perverse sheaves, and
intersection cohomology, originally introduced in [BBD] (although for the exposition, we follow [Ach21]).
In Section 3.2 we define the Satake category Satq and show it is semisimple and identify its simple objects.
In Section 3.3, we equip Satg with a monoidal structure called convolution. We identify the tensor-unit
and explain why Sat¢g is rigid.

3.1 The perverse t-structure

Throughout this text, we assume the existence of the standard six-functor formalism for the bounded
constructible derived category D%(X,A) on the category of complex algebraic varieties. Everything in
this chapter can be found in [Ach21, Chapter 1-6].

Recall 3.1.1. Let X be a complex algebraic variety. The perverse t-structure on D%(X,A) is defined by
the two strictly full subcategories (P D<°(X,A),?D>°(X, A)) spanned by objects A satisfying the following
support conditions for some (and hence any sufficiently fine) algebraic stratification (Xs)ses:

HI(i2A) =0 for all j > —dime X,, resp. HI(iLA) =0 for all j < —dime X,
where is : X, = X denotes the locally closed inclusion of a stratum. The category of perverse sheaves is
the heart of this t-structure Perv(X,A) =?D<(X,A) n?D>°(X A).

Definition 3.1.2. Let G be a smooth affine algebraic group of dimension d acting on a complex algebraic
variety X, and let ¢ : X - X /G be the canonical smooth projection to the quotient stack.

The G-equivariant constructible derived category is defined as D% (X, A) = D2(X/G,A). We define
the equivariant perverse t-structure on this category by declaring sheaf A to be in PD<V (resp. P D>?) if
and only if its shifted pullback to X satisfies

¢*A[d] e?D=°(X,A) (resp. ¢*A[d] e?D*°(X,A)).
The category of G-equivariant perverse sheaves, denoted Pervg(X,A) = Perv(X/G, A), is the heart of

this t-structure.

Explicitly, by unravelling the definitoins, an object in Pervg (X, A) is equivalently described by the
datum of a pair (A,:), where A € Perv(X,A) is a perverse sheaf on X, and ¢ : a*A = p*A is an
isomorphism of perverse sheaves on G x X satisfying the “cocycle condition” on G x G x X

(mxid)*(¢) = (id xp)™(¢) o (id xa)" (1),

where the maps a,p: G x X - X denote the action and projection maps, respectively, and m: GxG - G
is the group multiplication. Indeed, this comes from the simplicial diagram

id xa

— a
GxGxX — mxid— G><X$§X.

id xp

Note that because a and p are both smooth morphisms of relative dimension d, their shifted pullbacks
a*[d] and p*[d] are t-exact functors, ensuring that the pullbacks in the definition of ¢ remain perverse
(see [Ach21, Theorem 3.6.6] or [BBD, Proposition 4.2.5]).

Recall 3.1.3. Let h: U < X be a locally closed embedding of varieties. There is a fully faithful functor
his : Perv(U, A) > Perv(X, A) called the intermediate extension, given by:

hio(A) = Im(PHO (hA) - PHO (h, A)).

Let i : Z = U ~U < X be the inclusion of the boundary. A perverse sheaf A € Perv(X,A) lies in the
essential image of hi, if and only if:

Supp(A) =T, i'(A)e?D?(Z,A), and i*(A)e?DSY(Z,A).

13
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If U is smooth and irreducible, and £ is a local system on U, we define the Intersection Cohomology
sheaf (IC-sheaf) as the intermediate extension of the shifted local system:

IC(U, L) = hi.(£[dimc U]).

When £ = A is the constant sheaf, we write IC(U, A).

The importance of Remark and the reason for the assumption of finitely many orbits is due to
the following result.

Proposition 3.1.4. Let G be a connected linear algebraic group acting on a complex variety X, and
assume that there are only finitely many orbits. For each orbit O c X, choose a basepoint = € O and let
Stab(zx) denote its stabilizer subgroup. The simple objects of Pervg (X, A) correspond bijectively to pairs
(0,7), where 7 is an irreducible finite-dimensional representation of m(Stab(z)) = Stab(xz)/Stab(x)°.
Explicitly, the simple perverse sheaf associated to the pair (O,7) is given by the intermediate extension
of the corresponding equivariant local system:

IC(6aT) = LO*(jO)!*LT[dimC 0]7

where L is the irreducible G-equivariant local system on O determined by the representation 7, jo : O < )
is the open immersion into the orbit closure, and ¢t : O = X is the closed immersion into X.

Proof. See [Cla08, Proposition B.13] O

We bootstrap these notions to the setting of strict ind-schemes that are ind-of finite type with an
action of a pro-algebraic group that factors through a finite stage, and with finitely many orbits.

Definition 3.1.5. Let X = colim; X; be a strict ind-scheme of ind-finite type, where the transition maps
t; + X; > X;41 are closed immersions. Let G = lim;, G, be a pro-algebraic group acting on X.

Assume that for every finite stage X;, the action of G factors through a smooth, finite-dimensional
quotient group G — Gy,. Because the kernel of this projection is pro-unipotent, the pullback functor along
the quotient map induces an equivalence of equivariant categories. We may therefore define

Pervg (X, A) = Pervg, (X;, A).

The category of G-equivariant perverse sheaves on the entire ind-scheme X is then defined as the colimit
over the closed immersions:

Pervg (X, A) = colim Pervg (X, A)

where the transition functors are the proper pushforwards ¢ : Pervg(X;, A) - Pervg(Xiy1,A).

3.2 Semisimplicity of Satqg

In view of the discussion above, there is a well-defined abelian, A-linear category

Perv(Hckg, A) = Pervi+g(Grg,A) = AC)(()]i(Ij{l) Pervp+q(Gry, A)
eX, +

which we denote by Sate and call the (absolute) Satake category. The goal of this section is to equip
Satg with the necessary structure for it to promote to a neutral Tannakian category. We will construct
an exact, A-linear, faithful functor F': Satg — Mod and a monoidal structure, =, called convolution on
Satg. When A is a field of characteristic 0, Satg turns out to be a semisimple category.

Note that every object A € Sat¢ is supported on a finite stage Gry in the sense that A lies in the
essential image of the pushforward ¢y, : Pervy+q(Gry, A) — Satg.

Notation 3.2.1. Theorem gives an explicit representation of Grg = colimyex, (r)+ Gra as an ind-
scheme of ind-finite type and ind-projective. We fix the following notation:

e 1), Gry = Gr, denotes the closed immersions in the colimit system.

e 1) : Gry = Grg denotes the canonical global inclusion.

14
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e j:Gry = Gry denotes the open embedding of the stratum.
o iy:0Gry =Uuc\ Gr, = Gr), denotes the closed embedding of the boundary.
Lemma 3.2.2. The simple objects of Satg are exactly the IC-sheaves
IC) = ). IC(Gry, A) = 2 (Jx)1x A[dim Gry ]
for A e X,.(T)*.
Proof. This follows from Proposition , noting that the stabilizers L*Gnt* L*Gt™ are connected. [
Before proving semisimplicity, we recall a fundamental property regarding the stalks of the intersection

cohomology complexes on the affine Grassmannian (for references, see [BR18, Lemma 4.5]):

Lemma 3.2.3 (Parity Lemma). The non-zero cohomology sheaves of ICy can only occur in degrees
k =dim Gry (mod 2).

Theorem 3.2.4. The abelian category Satg is semisimple.

Proof. Since Satg is Noetherian and the simple objects are exactly the IC,, it suffices to show that
Ext'(IC,,IC,) = Hom(ICy,IC,[1]) = 0 for all \,x € X.(T)*. If Gry and Gr, are not in the same
connected component, then the claim is evidently true. Thus, we may assume that dim(Gry) = dim(Gr,,)
(mod 2). We distinguish three cases: (i) A =p, (ii) A ¢ g and A} p, and (iii) A < g or A > p.

For (i), applying Hom(ICy, -) to the recollement sequence iy,i) ICy - ICy — jr.j; ICy coming from
the open-closed decomposition of Gry, we obtain an exact sequence:

Hom(i} ICy, i} ICy[1]) —— Hom(IC,,IC,[1]) —— Hom(j; IC,,j; IC,[1])

The first term vanishes because i ICy € PD="! and i} IC, € D! (by Recall ). The right term
vanishes because Gr) is an affine bundle, which yields the identification:

Hom(5; ICy, j ICA[1]) =~ Hom(1,1[1]) = H'(Gry,A) = 0.

Thus, the middle term is 0.
For (ii), consider the diagrams

71 oG z-1soarn Z 2% 0Gr,
gi cart J'L N} N Jf A and x J"L "
Gy —— Grg an Gy

where the left-most diagram defines Z = Gry n Giru The other two factorizations follow from the incom-
parability assumption that Gry ¢ Gr, and Gr,, ¢ Gry. As in (i), i} IC, € PDY(0Gry)="L. Since fisa
closed immersion, f* is right t-exact, so f*ICy = f*i% ICy € ?D%(Z)<"". Similarly, ZL IC, e?D%(0Gr,)>!
and §' is left t-exact, so g' IC, ~ g!iL IC, ¢ PDY(Z)*!. By proper base-change, we conclude:

Hom(ty. ICy, s IC,[1]) = Hom(f* ICy, ¢' IC,[1]) = 0.

For (iii), since Verdier duality D is an anti-autoequivalence of D%(Grg, A) that preserves IC-sheaves,
we may assume without loss of generality that 1 < A, meaning Gr, c Gry. Let h, denote the composite

Gr, 4 Gr,, % Grg. Note that By« is left t-exact and A}, IC, ~ A[dim Gr,]. Consider the fiber sequence
IC, — hush; IC, = hy A[dim Gry ] —— C
which induces an exact sequence

Hom(IC),(C') —— Hom(IC,,IC,[1]) —— Hom(IC\y, h,«(1)[dim Gr,, +1])

15
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We will show that the left and right terms of this exact sequence vanish.
Since hy. is left t-exact, hyA[dim Gr,] € PD2%(Grg, A). Since IC,, is perverse, the canonical map
IC, - PH°(h,.A[dim Gr,]) is injective. It follows that the cone C' € ? DZ%(Grg, A). By applying h}, to the

fiber sequence above, we see that hj;C' ~ 0, so C' is supported strictly on the boundary 0 Gr,, = Gr,, ~ Gry,,

which is contained within the boundary ¢ Gry = Gry \ Gry by the assumption pu < A. Let i: 0 Gry - Grg
be the closed inclusion. From the recollement sequence applied to C, it follows that

Hom(ICy,C) ~ Hom(i* ICy,i'C) ~ 0

because i* ICy € P D!, and by the left t-exactness of 4', i'C' € P D20,
Finally, we evaluate the rightmost term by adjunction:

Hom(ICy, hyxA[dim Gry, +1]) = Homgy, (hy, ICx, A[dim Gry, +1]).

First, note that in the standard t-structure, A[dim Gr, +1] € D> 4m S =1 Second, by the definition of the
perverse t-structure, the standard cohomology sheaves Hk(h; IC),) must vanish for all £ > - dim Gr,,, so
the domain lives in D=~ 4m G =1 However, recall that dim Gry = dim Gr,, (mod 2). Thus, by Lemma ,
the top potentially non-zero standard cohomology group H~4imGru ’1(h; IC,) must actually vanish. It
follows that hj IC) € D<= dimGru=2 " which means there can be no non-zero maps between these com-

plexes. O

Remark 3.2.5. There is an alternative, highly conceptual proof of Theorem using the theory of
“parity sheaves” (see [Ach21, Section 7.5, and Proposition 9.3.10]).

To make Sats a neutral Tannakian category, we have to exhibit a fiber functor. The functor that we
will consider is the total cohomology functor H* : Satg — Mod, defined by H*(A) = @z H*(CGrg, A).

3.3 Convolution: Monoidal structure on Satg

Construction 3.3.1. If H is a group scheme acting on two schemes X and Y from the right and left,
respectively, we may form the twisted product X x#'Y by taking the colimit over the two-sided simplicial
bar construction Be(X, H,Y) in the co-topos Shvpyqc(Affc).

Because X, H, and Y are ordinary schemes, they are O-truncated objects in the co-topos. Equivalently,
the group multiplication and actions are strictly associative, and all higher coherence homotopies are
trivial, so the diagram below actually reduces to just the three first terms (degeneracy maps are left out
on purpose):

= X HIXY =3 XxHxY =3 XxY

The generating face maps are given explicitly on points by the action and the strict group multiplication:

(0.7) (zg,h,y)

(w7g7y)H{( ’ and  (x,9,h,y) = 1 (z,9h,y)
x,9y)

(2,9,hy).

Example 3.3.2. (1) L*G still acts on Y from both left and right, and the multiplication on LG is
compatible with the both actions, and therefore induce a map LG xL'G LG - LG, and further a
map L*G\Y/L*G - L*G\LG/L*G = Hekg.

Grg xGrg~ colim  GraxGry,
A peX . (T)*

The pro-group L*G still acts on Grg x Grg form the left, and there is a well-defined category of
bounded constructible L*G-equivariant (perverse) sheaves on Grg x Grg. Quotienting out by the
action of L*G, we obtain the convolution Hecke stack,

Hek&y' = Hekg % Hekg = L*G\LG x* ¢ LG/L* G,

whose sheaves are the L*G-equivariant sheaves on Grg x Grg.
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Example 3.3.3. (1) LG acts on LG from both left and right (by multiplication), and we may form the
twisted product LG xL'C LG Since the multiplication m : LG x LG — LG is L*G-equivariant with
respect to the diagonal L*G-action, it descends to a map of twisted products:LG x='¢ LG - LG.
Taking the quotient by the remaining left /right L*G-actions, this induces the multiplication map for
the convolution Hecke stack

Heks' = L G\(LG x""¢ LG)/L*G = B(L*G) xp(rcy B(L*G) xpay B(L*G) » Hekg
(see [NSS14, Lemma 4.5] for the equivalence).

(2) Analogously, we define the convolution affine Grassmannian as the twisted product:
Grg x Grg == LG xL'G Grg.
As an ind-scheme, this satisfies the factorization

GrgxGrg =~ colim (GryxGry,),
A peXs (T)*

where each Girp?(}irﬂ =LG ><L+GG7rH is a well-defined ind-projective ind-scheme. The group L*G acts
on the left of Grg X Grg via the identification Grg ~ LG/L*G. The convolution Hecke stack Hekg'y”
is exactly the quotient L*G\(Grg % Grg), and its derived category D?(Hckg's',A) is equivalent to
the category of L*G-equivariant bounded constructible complexes on Grg x Grg.

Construction 3.3.4 (Convolution). By considering the diagram
Hekg'y”

Hckg x Hekg L*G\LG/L*G ~ Hckg,

we can define the convolution of two sheaves A, B € D?(Hckg) as follows:

Ax B~mp*(Ar B).

Note that m is ind-proper, as HckCGOEV is ind-projective and LG is separated (recall that every map

between a projective S-scheme and a separated S-scheme is proper). In particular, m; ~ m,, canonically.
Theorem 3.3.5. (1) The convolution product promotes D%(Hckeg, A) to a monoidal category, D?(Hckg, A)*.
(2) The tensor-unit is the IC-sheaf IC; corresponding to the trivial coroot, and End(ICy) ~ A.
(3)  preserves perversity, so Satg also promotes to a monoidal category Satg;.
(4) The monoidal category Sat(, promotes to a symmetric monoidal category.

Comments on the proof. (1) is a consequence of a greater theme in category-theory, as explained and
proven in Section (. The idea is that Hckg becomes a group-object in the category of correspondences
Corr(Shvipgc (Affy)). This promotes the convolution product * to a (fully coherent) monoidal structure
on DY(Hckg). » and Hckg inherits the associativity of LG, and whatever Ej-structure it may admit,
but it doesn’t automatically gain any (higher) commutativity. So (3) is really a consequence of geometry,
rather than category theory.

For (2), we claim that there is a diagram like this

— 5 id conv
Hekg ———— Hckgs Em Hckg

idl cart lp

Hekg x{t°} T Hcke x Hekg

Given this, we compute

AxIC) » mp* (A= 1pi(1)) = mup”* (idxeo )i (AR 1) »mu(A) ~ A

17
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Since ¢q : {to} — Grg is a closed immersion, tg, is fully faithful, so
Hom(ICy,ICy) ~ Hom(A,A) = A

(3) is called a “miraculous theorem” in [BD94] and is originally due to Luztig (see 5.3.6 of loc. cit.).
We will postpone the proof to Section

(4) is the main content of Section /. In [Noc25|, it is proven that D’(Hckg)* promotes to an Es-
structure. In loc. cit., Nocera equips D%(Hckg)* with a compatible Eq-structure (the number two comes
from C ~ R?), and then he applies Lurie’s work on Ej-algebras via the topological Ran space ([Lurl7,
Chapter 5]). It is expected to be no more than E5... But luckily for us, Satg is an (ordinary) 1-category,
so we can just construct the symmetric constraint “by hand.” O
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4 Fusion: Symmetric monoidality of » and H*

In this section we will sketch a proof of symmetric monoidality of the convolution product. Whenever we
have an absolute mathematical object, we should always consider a relative/in-families version. This is
exactly what Beilinson and Drinfeld did; they considered a relative version of the affine Grassmannian
and the Hecke stack over a reduced connected complex curve X.

4.1 The relative loop group

We imitate the construction of the loop functors from Section by replacing the absolute disks over
Spec(k) with relative disks parameterized by a smooth, reduced curve X over C.

Construction 4.1.1 (Relative loop functors). Let I be a finite set. Consider the graph of the i*! pro-
jection
X — X

Faﬁl cart J’A

XxXT — 5 XxX
(id,pr;)
which defines a Cartier divisor T'; = I';(X') ¢ X x X!, Taking the union yields a divisor I'; = U;e; I'; ©
X x X1,
Rather than forming a formal scheme, we consider the finite truncations. Let I'; ,, denote the nt
infinitesimal neighborhood of I'; in X x X' (defined by the ideal sheaf Jt,)- These subschemes parameterize
|7] infinitesimal disks varying along the curve X. The canonical projections induce a diagram:

h

X Pn Fl,n qn XI,

and we define the relative n™ loop functor L%, (~) as the composite

Sthqu(Affc)/X L} Sthqu(Affc)/plm % Sthqu(AHC)/XI

The closed immersions I'r;, = I'y 41 induce transition maps L?g}l - L', allowing us to define the
relative positive loop functor as the limit:

L+XI = nleiérolp L?{].
To define the full loop functor, we construct the relative disk Dx: and the relative punctured disk
D% over X I by
D1 =~ Spec,, (nleilgglp(qn)*on,n) and  Dir=Dxr~\Tr.

More generally, for any subset I}, c I, we define the partially punctured relative disk
DY =Dyi~Ty,

which informally parameterizes |I| disks, but where only the chosen |Ij| centers are punctured.

Finally, we define the corresponding relative loop functors Lxr and ng’; ) directly via their relative
functor of points. For any target space Z € Shv,qc(Affy),x and any test point x : Spec(R) — X1 we
define their evaluations over x as:

(Lx1Z)(x)=Homx(D2,2Z) and (L Z)(x) := Homx (D), Z)

where the disks are base-changed along x.
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Remark 4.1.2. (1) Let x:Spec(R) - X' be an R-point. We write the base-changes along z as:
D, =T, xx1SpecR, D,=DyrxxrSpecR, and D =DS%; xxrSpecR.
If |I] = 1, choosing a local coordinate t at the point 2 € X yields non-canonical isomorphisms,
D,, » ~ Spec(R[t]/t"), D, =~Spec(R[[t]]), and D ~Spec(R((t))).

Furthermore, there is a canonical equivalence I',, ~ Spec(R), as the central point has already been
chosen by z.
(2) For any object Z € Shvgpqc(Affr),x, the R-points of LY,;Z and Lx:1Z are given by

(L;(IZ)(R) = {(1’75) | e XI(R)7 ﬁ € HOHI/X(DI,Z)},

(Lx:1Z)(R) = {(2,8) | # ¢ X' (R), B ¢ Hom/x (D3, Z)}.

In our applications, Z will be a constant affine group scheme G ( Z ~ G x X - X). In this case,
maps over X are equivalent to absolute maps into G, yielding

(L%:G)(R) = {(2,8) |z e X' (R), B e G(Dy)}

(Lx1G)(R) = {(x,8) | = « X' (R), B e G(D})}.

Remark 4.1.3. (1) Let 2 : S ~ Spec(R) - X! be an R-point. For any subset I} c I, we write the
base-changes along z as:

Dnw=Trnxxt S, Dy=DxixxiS, D2=D%ixxiS, and D =D xyr 8.
If |I] = 1, choosing a local coordinate ¢ at the point € X yields non-canonical isomorphisms,
Dy o = Spec(R[t]/t"), Dy =Spec(R[[t]]), and Dg =Spec(R((t))),

and a canonical isomorphism I';, ~ Spec(R), as the central point has already been chosen by z.

Geometrically, if « is an I-tuple of points, DJ(CI’“) represents the union of formal disks around the
coordinates of x, punctured precisely at the coordinates belonging to the subset Ij.
(2) For any object Z € Shvepqc(Affy),x, the R-points of the relative loop functors are given by

(L% Z)(R) ={(z,B) |z ¢ X"(R), B e Hom/x (Dy, Z)},

(LY Z)(R) = {(x,8) |z « X" (R), B ¢ Hom,x (D{™), Z)},
(Lx:Z)(R) ={(z,B) |z ¢ X'(R), B e Hom,x (D3, Z)}.

In our applications, Z will be a constant affine group scheme G (i.e. Z ~ G x X - X). In this case,
maps over X are equivalent to absolute maps into G, yielding

(L5 G)(R) = {(2,8) |z ¢« X' (R), B e G(D,)}
(LG (R) = {(2,8) |z « X'(R), BeG(DI)}
(Lx1G)(R) = {(z,8) | € X' (R), B e G(D)}.

(3) As in the absolute case, both L%, and LY, preserve all limits. In view of Theorem , Lxr
preserves finite limits over “mild” diagrams. In particular, they all take a linear algebraic group to
a group object.
Theorem 4.1.4. If G is a constant group-scheme over X', then

(1) Lx:G is represented by an ind-scheme over X!, and
2) L*,G is represented by a scheme affine over X/,
X y
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Theorem 4.1.5. If G be an affine group scheme of finite type over C viewed as constant over X', then

1) L% ,G is represented by a scheme that is affine over X.
X
(2) For any subset I, c I, Lg’; )G is represented by strict ind-schemes that are ind-affine over X 7.

Proof. See [Zhul6, Proposition 3.1.6]. However, the proofs a similar to those in Section 2.1. O

Remark 4.1.6. Note if I, = I, then Lg’;)G ~ [ x1G. Also, the closed immersions

DS; — DY —— Dy
induce
LG —— LG —— LyG.

Geometrically, this just says that a loop with no poles can be viewed as a loop with poles along I'y, ,
which in turn can be viewed as a loop with poles along the entire divisor I';. These are precisely the
transition maps that induce the morphisms of classifying stacks B(L%,;G) - B (Lg’j)G ) required to form
the factorizable convolution stack.

4.2 The relative affine Grassmannian and Hecke stack

In this subsection we carry out the relative constructions of the affine Grassmannian and the Hecke stack.
Definition 4.2.1. If G - X is a group-object in Shvgyq.(Affc),x, define the Beilinson-Drinfeld affine

Grassmannian (or relative affine Grassmannian) Grxr and the Beilinson-Drinfeld Hecke stack (or relative
Hecke stack) Hckxr by the diagram

Gryr — Hekyr —— B(L%,G)

l wt | en ]

* —— B(L%,G) — B(Lx:G)

over X', Equivalently,
erl ﬁLle/L;{IG and HCkxl ZL}IG\Lle/L}IG

Denote the structure maps by
Gryxyr —— Hckyr

qI\XI/qII

As in the absolute case, we have a representability result:

Theorem 4.2.2. If G is a constant group-scheme over X7, then Gry: is represented by an ind-scheme,
ind-of finite type over X'. If G is reductive, then it is ind-projective.

Proof. See [Zhul6, Theorem 3.1.3] O

Construction 4.2.3 (Convolution Hecke Stacks). For a fixed finite set I, we may form the relative
convolution Hecke stack (analogous to the absolute case in Construction ):

HekSe™, = Hekyr % Hekyr = Ly, G\Lx 1 G x"x1% LyiGL%, G
~ B(L;(IG) XB(LXIG) B(L;(]G) XB(LXIG) B(L}]G)

This stack is used to define the convolution product on the derived category D?(Hcky1).
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To apply the “factorization property” of Hck xr (see Theorem ), we must generalize this to allow
multiple finite sets to interact. Let Iy,...,I, be finite sets and let I =T u---u [, 4 (n)° be the obvious
partition. Using the partially punctured loop functors Lg’})G from Construction , we define the

factorizable convolution Hecke stack:

Hek7™ p, = B(Lx:1G) x B(Lx:G).

I e X In
B(L(X})G) B(LUPG)
Note there are canonical maps

conv

T m
Moy Hekxr, «—— Hek?™™ | — Hekyr

where 7, is induced by the restrictions L},G — L3, G and L;I’;')G — Ly, G. The morphism my is
induced by the maps from Remark

Remark 4.2.4. The R-points of Grxr, Hekyr, and Hek7™ ;- admit “local” descriptions (note that only
Gry:(R) is a genuine set, while the others are groupoids):

Gry:(R) ~{(z,&,8) |z e X'(R),& € Torsq(D.), 3 : Eps = (E'lng},
Hekyr(R) = {(z,&,&",8) |z e X*(R),&,& € Torsg(D,), E|ps = Sl'D:},
re XI(R)
HCkg??VQ(R) o (I,go,el,gg,ﬂl,ﬁg) 80, 81,82 € TOI"SG(DI) ,
B1:€ope = Expe, B2 E€1pe = Egpo
(z,y) e X'(R) x X'(R)
Hek 77V (R) = { (2,4, 80,€1,82,61,02) | €0:€1,E2€ Torsg(Dyz,y) )
PriEopup = Sy P2t Eypiry = gy

and more generally,

conv n = (zp)f € [y X (R) =~ XT(R)
Heldy, L, (1) = {(m, €0, (&k: Bi)iz1) €0, &k € Torsg(Dy), B gk—uD;““’ ~ 8k|D§I’“) :

The difference between Hck7, and Hek;’/™" will be explored in Lemma . There is a “global” inter-

pretation of the R-points of Gryr, due to the Beauville-Laszlo theorem:
Gry:(R) = {(,€,8) |z e X' (R),€ € Torsa(Xr), B: Expr, ~ Expr, }

For references, see [Zhul6, Section 1.4.], and for the original reference, see Un lemme de descente ([BLI5]).

The true power of the Beilinson-Drinfeld affine Grassmannian is the following “factorization property.”
For a surjective map ¢ : J — I, denote by X(?) ¢ X7 the open subset of tuples x = () jes € X7 such
that if ¢(j) # ¢(j'), then I'y, n Iy, = @.

Theorem 4.2.5 (Factorization property). The following assertions also hold if Gryr is replaced by
Hckxl .

(1) For every finite set I, there is a unit section e : XT — Gryr classifying the trivial G-torsor.
(2) For every surjection ¢ : J — I, the commutative square

erl M erJ

q Il cart lq J

is cartesian. The map takes a tuple of points x : I - X to the tuple J 4 I5X.
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(3) Let ¢ : J — I be a surjection, J; = ¢~1(7), and let X ¢ X7 denote the open subset of those
{2;}jes such that T'y; nT'; , = @ if ¢(j) # #(j'). There is a canonical isomorphism ¢,

Co
Grysxw —— (Iier er%)|x<¢)

If K 4 J 4 I are surjections and ¢; : K; - J; are the maps over i € I, then
(a) A(@)eer=egay and cg(eyxw) = (€1)ierx@ -

(b) A(D)A() = Avo),

(c) the following diagram commutes

A) x (v
GTX-I|X(w) > erK‘X(Uf’db)

Cwl J{CWP

(Tier Gryxss ) xcw (Tier Gryx: ) xwe

—
P (A@)),epx o)

(d) ¢ =(cp;)ier © (Cw¢|x<¢>)-
Proof. We prove the statements for Grxr; however, the proof remains identical for Hck y:. For (1), note
that the map ey : X! - Gry: is the map induced by the unit section X7 — B(L,G).

For (2), since ¢ is surjective, the set of points in the tuples x o ¢ and x coincide, whence U;er 'y, =
Ujes Iz, ;,- Consequently,

LxsGxxs X' 2LxiG and L%,Gxxs X'~ L%,G
and thus
B(LxsG)xxs X' ~B(Lx:G) and B(L%,G)xxs X'~ B(L%:G)

by universality of colimits. The desired cartesian square follows.
For (3), recall that L} ,G(R) = {(z,8) | € X’ (R), 8 € G(D,)}. We group the relative divisors into
pieces corresponding to these fibers, where the last union is disjoint, as we are working over X ().

UFIL’J‘ :U( U ij) = |_|Fw.]l-

jeJ i€l \ jeJ; iel

The relative disk over a disjoint union of closed subschemes is canonically isomorphic to the disjoint union
of their individual relative disks, yielding Dy ~ [I;e; Dy, over X (@) Similarly, D° ~ [1,; Dy, . By the
moduli-description, it follows that
LxsGixw = [[LxnGixw and Ly,Gixw =[] Ly G xw
iel i€l

Again, by universality of colimits, we get a canonical equivalence
s
Grysxw) —— (Tlier erh)p((as)

(a) and (b) follow from the diagram

—0

X =r ., x7

ell cart leJ

erl M} erJ ﬂ) erK

[P |

I \ J \ K
X X —— s X
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(c) and (d) will be checked on the level of loop groups.

For (c), let (v,8) € L} ,G(R) be a point over X¥), where 2 : J > X(R) and 3 : D, - G. Because
x e X the relative disk splits as Dy = [[;c; D, . Going right-down: The diagonal map A(¢) pulls the
points back to K, yielding (xo¢, 3) € L xG(R), and ¢y splits this element over the fibers of ¢ : K — I,
ie. K; = ¢ 1(J;), yielding the tuple (x o ¢, (B;)icr), where j3; is the restriction of 3 to D (2o, - Going
down-left: ¢, splits (x,8) into (x, (Bi)ier), where B; is the restriction of 3 to D, , and then (A(¢;))ier
pulls back the base points of each component along ¢; : K; — J;, yielding (z o ¢, (Bl)zd) Because
K; = ¢7'(J;), the subschemes of the curve defined by the points in (z 0 ¢)g, and in zj,, respectively, are
equal. So D(Zoqb)xi =Dy, , and thus (; = §8; as desired.

For (d), note that the equality cy = (cg, )ier©(cpg|x(#) ) Tepresents the fact that splitting a relative disk
is an associative operation. Let (x,3) € L xG(R) over X (@) meaning the relative disk D, completely
separates into disjoint components D, K, for each j € J. The left-hand side, ¢, splits the group element
B: D, — G into a J-indexed tuple of maps (5; : Dij — () jes. The right-hand side performs this splitting
in two stages. First, ¢y groups the domain K by the fibers of ¢ (which are the sets Kj;), splitting 3
into an I-indexed tuple (5; : Dy, —> G)jer. Second, the map (cg, )ier takes each component ; and splits
it further along the fibers of ¢; : K; — J;, yielding ((5; ;) es; )ier- Because the set K partitions identically
in both cases (K =11;c; K = [ies Ljes, K;), we have

L1020, ~L1{ L1 22 |
jed el \jeJ;

and thus [T;cs G(Dij)  [Tier e, G(Dsz ). Thus, the one-step splitting and the two-step splitting
produce the exact same collection of local maps, proving the equality. O

Example 4.2.6. Lets unravel Theorem for small |I| and |J|. For {1,2} - {1}, which induces the
diagonal map A : X — X2 (2) gives a canonical isomorphism A : Gry = Grxz|a.

(2) applied to the flip map o : {1,2} - {1,2} gives a canonical isomorphism A(c) : Grxz - Grx-
over X? - X?. (3) applied to id : {1,2} — {1,2} gives a canonical isomorphism ¢ : Gryzy2a =
(Gry xGrx)x=\a- (¢) applied to {1,2} 3 {1,2} % {1,2} and (d) to {1,2} % {1,2} 3 {1,2} says that
the isomorphism c is compatible with A(c) and the flip-map on Grx x Gry. This is actually enough to
construct the commutativity-constraint on Satc.

Remark 4.2.7. Theorem can be neatly organized into a statement over the Ran-space. See [Zhul6,
Section 3.3] for references.

The convolution Hecke stack interacts well with the splitting isomorphism c4, as captured in the next
theorem:

Theorem 4.2.8. With the notation from Construction and Theorem , the restrictions
T, m
(IMh=y Heky, ) jxeor <—— (HeKP™ | )xr —— Hekyrx

are isomorphisms and there is a factorization 7y = ¢4 o my over the disjoint locus X (9,

Proof. As in the proof of Theorem , over the disjoint locus X (?), the relative divisors corresponding
to different I; are strictly disjoint, so D, = LI;-LI Dmlj. When we remove the divisor ]."xlk to form the
partially punctured disk, we are only puncturing the k-th component of this disjoint union; the other
components remain, meaning Dg(glk) =~ D;Ik U e Dwz,-- Consequently, over X (?)| we have

LPGxw = Ly Gx ] L0, G
j*k

and thus by universality of colimits,

B(L:G) = qB(L;{IjG) and B(L{YG) = B(Ly1,G) x IIB(L}U Q).
J= j#*
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Write B} = B(LY,;G) and B; = B(Ly1,G), and

P, = B(L%:G) x B(Lx:G)

Br{Pe) " BLa6)
Note that P, = Hek?)™" ; . From above, we have B(LY,G) = [1}.; B] and B(Lg’j)G) ~ By x [1j., B}
We claim that over X (%),
m n
P, ~ (H Hckxzk) x ( I1 B;)
k=1 Jj=m+1

We proceed inductively. If m = 0, the empty fiber product is simply Py = B(L%,G) = [1j; B} . Next,
compute pointwise that

m—1 n n
P2 Pt X g0 B(L%:G) = | [] Hekxrn x [T Bf ><(B XTjem BY) [15;
xI k=1 j=m " J=1

JjEm 5

m n
v (H Hckxlk) x ( I B;)
k=1 Jj=m+l
which gives the desired equivalence for m = n.

By unravelling the definitions, the factorization my4 = c4 o mg over X () follows. Consequently, mgy is
an equivalence over X () as well. O

4.3 Suaveness: The relative Satake categories Saty:

In this section we will introduce the relative Satake categories Satyr. The LG yr-equivariant perverse
sheaves will not suffice; we have to impose a “Universal locally acyclic” condition (ULA), which geomet-
rically is reminiscent to the requirement of a “flat family,” but for constructible sheaves. Recent work due
to Liu-Zheng, and Heyer-Mann ([FIM24]) interprets the ULA-condition in purely categorical terms, which
we adapt here.

Recall 4.3.1. To every three-functor formalism D : Corr(C,€y) — Cate, and object S € € there is a
(o00,2)-category of kernels denoted Kp g that can informally be described as follows:

e The object of Kp g are morphisms X — S in Co.

e The category of morphisms between Y, X € Kp g is given by

Fung, (Y, X) ~ D(X x5 Y).

e If M:Y - X and N : Z - Y are morphisms, then the composite M o N : Z - X is given by

MoN~nxz(rxyMeny,N)e D(X xg Z).

Generally, given a map f in an 2-category, we can ask for the existence of a map g and 2-morphisms
n:id - gf and €fg — id satisfying the usual triangle-identies for an adjunction”. If such datum exists, f
is said to be a left adjoint morphism.

Let f:Y — X be a map in Cy. An object P € D(Y) ~ D(X xx Y) ~ Fung, (Y, X) viewed as map
P:Y - X is f-suave (or ULA wrt. f) if P is a left adjoint morphism. The full subcategory of f-suave
objects is denoted Suave;(Y') c D(Y").

The following two results are taken from [Zhul6, Appendix A.2.]. Part 6 is the “key” property of
suaveness.

Lemma 4.3.2. (1) Ae D(S) is idg-suave if and only if A is dualizable.
(2) If f:Y - X is a proper map over S, and A€ D(Y) is (Y — S)-suave, then f,(A) is (X — S)-suave.

4To be precise, we would need to specify a 2-simplex witnessing the commutativity.
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(3) If Y - X is a smooth map over S, then A € D(X) is (X — S)-suave if and only if f*(A) is
(Y > S)-suave.

(4) If f;: X; »> S are maps and A; € D(X;) are f;-suave for i = 1,2, then A; Rg Ay is f1 xg fo-suave.

5) If f; : X; —» S; are maps and A; € D(X;) are f;-suave for i = 1,2, then A ® Az is (f1 x f2)-suave.

6) Let f: X - S be suave (i.e. 1 € D(X) is f-suave) and let g : S - S be a !-able map. f': X' ~
X xg 8" - 8 and ¢’ : X' - X denotes the base-change maps. If A € D(X) is f-suave, then the
canonical map

9" (A) e 75 (=) ¥ g"gl(g" (A) © f4' (=) "F g (A® gl f*g'(-))
g (Ae frg'(-) g (A £ (-))
is an equivalence.

Proof. (4) and (5) follow from the fact that a functor of (oo, 2)-categories preserves left adjoint morphisms.
(1), (2), (3), and (6) are all found in [HM24]. Specifically, see Example 4.4.3, Lemma 4.5.16, Lemma
4.5.13 and Remark 4.5.15.(ii) of loc. cit. O

Proposition 4.3.3. Let X is a complex algebraic variety. If A € D(X,A) is dualizable then it is locally
perfect (i.e., there is a cover {U; -» X} such that Ay, lies in (1) ¢ D(U;,A)”). If A e D(X,A) is locally
perfect, then the following conditions hold:

(i) There is a cover {U; - X} such that for all i, Ay, € D(U;, A) is bounded.
(ii) For all k € Z, 3(*(A) is a local system.
(iii) For every point i, : * - X, the stalk i} (A) € D(*,A) ~ Mod, is perfect (i.e. lies in (1)).

Proof. We first prove that if A is locally perfect, then it satisfies (i), (ii), and (iii). By definition, there
is an open cover {U; - X} such that Ay, lies in (1) ¢ D(U;, A). For (i), the constant sheaf 1 ~ A is
concentrated in degree 0, hence bounded. The operations of shifting, forming fiber sequences, and taking
retracts preserve boundedness. Therefore, every object in (1) is bounded. Since Ay, € (1), it is bounded.

For (ii), note that the cohomology sheaves of A are trivial except in degree 0, where it is the constant
local system A. Taking shifts and retracts preserves local systems. Because fiber sequences induce long
exact sequences in cohomology, and the kernel /cokernel of morphisms of local systems are local systems,
the property of having local systems as cohomology sheaves is preserved. Thus, all objects in (1) have
locally constant cohomology sheaves. Since this holds on every U;, H¥(A) is a local system on X for all
k.

For (iii), consider U; ¢ X with z € U;. The pullback functor ¢} is exact and symmetric monoidal, so it
maps the thick subcategory generated by (A ) into (A) ¢ D(*,A) ~ Mod,, which is exactly the perfect
complexes (finite complexes of finitely generated projective modules).

Assume A € D(X,A) is dualizable. Locally on a sufficiently small a contractible open set U, the
category D(U, A) is compactly generated by the constant sheaf A;;. Consequently, Aj;; ~ colim P;, where
each P; € (Ay;). Becuase Ay is dualizable, Hom(A;, M) ~ A|VU ® M for any M € D(U,A), so

Map(Ajy, M) = H (p.Hom(Ajy, M)) = H (p. (A, ® M)).

As U is compact, p, preserves filtered colimits, A|VU ® — preserves all colimits, and H® preserves filtered
colimits, making Aj;; compact. Thus

Map (A, Ajy) = Map(Ay, colim P;) = colim Map( Ay, P;)

so ida,, factors through a finite stage, say go f =ida,, for f: Ay - Py and g: Py - Ay. It follows that
Ay is a retract of a perfect complex, making it perfect. O

5Here (1) denotes the thick subcategory of 1, which is defined as the smallest subcategory containing 1 and closed under
shifts, finite colimits, and retracts.
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Remark 4.3.4. The converse to the above statements turn out to be true, but we will only need the
forward direction.

Theorem 4.3.5. Let f: X — S and S - * be smooth maps of schemes of finite type over C and let
t:S"— S be a closed immersion. f': 7 ~ X xgS" - S’ and i: Z - X denotes the base-change maps. Let
j : U - X be the open complement to Z. Assume that S’ is of pure codimension 1 in S, and that j: U - X
is an affine morphism (e.g. an effective Cartier divisor). If A € D%(X,A) is f-suave and j*(A) € D4(U, A)
is perverse, then there is an isomorphism

1] =i (A)[-1]
and i'(A)[1] = i*(A)[-1] is perverse and f’-suave. Also, A is perverse and A =~ ji, (5*(4)).

Proof. First, note that suaveness is (unconditionally) preserved by base-change (and shifts), see [IM24,
Lemma 4.4.8.(i)].
Now, since codim(D, S) =1, plugging the tensor-unit into Lemma results the identification

iH(A) (D) e frg(1) —— i"(A) ® f" (1[-2]) =" (4)[-2]

s0 ' (A)[1] ~i*(A)[~1]. Since j : U - X is affine, j is left t-exact (for the perverse t-structure), and 4' is
(unconditionally) left t-exact, so i'jij*(A) is concentrated in non-negative perverse degrees (see [Ach21,
Proposition 3.1.4 and Theorem 3.5.8]). Applying i’ to the standard fiber sequence jj*(A) = A - i,i*(A)
gives a fiber sequence

gt (A) —— i (A)[2] =i (A) — i*(A)

which implies that PH"*(i*(A)) =~ PH*2(i*(A)) for k < —2. But since i*(A) is a bounded, it follows that
PHF(i*(A)) ~ 0 for k < -2. Hence i*(A) e PD>"1(Z, A).

Similarly, the functor j, is right t-exact and so is i*, so i*j,j'(A) is concentrated in non-positive
perverse degrees. Applying i* to the standard fiber sequence i,i'(A) - A — j,7*(A) gives a fiber sequence

i*(A)[-2] ~i'(A) —— i*(A) — i*5.4'(A)

which, as before, implies that PH*=2(i* (A)) =~ PHF(i*(A)) for k > -2, so i*(A) e PD=L(Z, A).
Consequently, K ~i'(A)[1] ~i*(A)[-1] is perverse. If U c X is dense, then Lemma 3.3.4. of loc. cit.
implies that A is perverse and A ~ ji,.(§7(A4)). If U c X is not dense, let W c Z be the complement of
U\U c Z in Z, and note that W c X is open, so (w2 Aw = i!(A)|W, so Ay ~ 0, and the same
lemma applies.
O

Definition 4.3.6. The relative Satake category Satx: is the full subcategory of Pervi+q (Gryr,A) =
Perv(Hckxr, A) spanned by objects that are gj-suave.

Remark 4.3.7. (1) Since LG - X1 is smooth, Sat y: is equivalently the category of L ; G-equivariant
perverse on Gryr that are gr-suave.
(2) If ¢ : J — I is a surjection, then by factoring ¢ as surjections J = Ky - K;--- > K,, = I where
n=|J|-|I| and |K;| + 1 = |K;41|, there is map

A(0)* = A@)* [ = 1T = A() [T - |1]] : Satxs - Satxs
comming from repeated applications of Theorem

4.4 Fusion and Convolution.

In this section we explain how to embed Sats into Satx, and how to make the convolution product on
Satx (and therefore also on Satg) symmetric monoidal. Informally, the idea is to embed the curve X
into X x X via the diagonal and then let the torsors “fuse” together when two points collide.
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Notation 4.4.1. To formalize the collision of points, we fix the following notation for the remainder of
this section. Let I be a finite set.

e Let I; and I, denote two identical, disjoint copies of I, and set J = I; U I5.

e Let A:Jul — I be the map induced by the identity id; on both factors. This induces the diagonal
embedding A: X7 - X7 ~ X1 x X1,

e Let 0:J — J be the map that swaps the two factors I; and I. This induces the flip automorphism
o: X7 » X7 defined by (x,y) + (y,z), which clearly satisfies 0 0 A = A.

e Let U c X7 denote the open complement to the diagonal A(X'). We denote the corresponding open
immersion by j: U < X”. By construction, U is stable under the flip automorphism, so o(U) = U.

Lemma 4.4.2. The outer rectangle in the diagram below is cartesian

ko), —™ Hokyr —— X7

J' cart J’A cart l

Hek§7" —mr Hekxs —— X7 o XTI x X1

Consequently, the multiplication map for the group object Hcky: in Corr(Shv,qc(Affc),x1) factors as

HOkSOP, Hokr Hok{}
p m ~ A id o A ma
Hckyr x Hek xr Hckyr Hcky s Hek 1 Hckyr xHck xr Hck s

and thus there is a canonical equivalence
AxB2mp (AR B) ~ A"mamh (AR B).

Proof. Note that by definition of the partially punctured loops, pulling back along the diagonal A : X! —
X7 identifies the formal disks:

LisGrxs X' =156, LG xxs X1« LG, and L{PG xxs X = LyiG.

Since colimits are universal and limits commute with limits, applying this to the fiber product definition of
the factorizable Hecke stack yields Hck77" x x7 X '~ He XT3, proving the cartesian square. The functorial
equivalence for A x B follows immediately from base change. O

Warning 4.4.3. The formula above does unfortunately not preserve perversity, but only after shifting
by an appropriate amount. The functor A* should be shifted by |I|-2|I| = -|I|, and the functor 7} should
be shifted at each of its finite stages.

Lemma 4.4.4. The convolution product — * — : D%(Hckyr) x D%(Hckyr) — DY(Hcky:) restricts to
Satyr xSatxr — Satxr.

Proof. With the notation from Lemma , it suffices to show that — & —, 74, ma, and A* preserves
suaveness and perversity (up to shifts). — ® — preserves suaveness by Lemma and perversity by
[Ach21, Lemma 3.2.1].

O

Construction 4.4.5 (The symmetric monoidal structure on Saty:). The goal is to construct a natural
isomorphism of functors S4.p : A * B 5 B * A that satisfies the symmetry and hexagon axioms. The
only new data going into the construction is the canonical symmetric monoidal constraint for the exterior
tensor product

ARB ——— A(0)*(Br A)
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where o is the flip automorphism defined above.

By abuse of notation, we will write A for the map A(A) from Theorem . Over the disjoint locus
U, the factorization property (Theorem ) and the convolution equivalence (Theorem ) allow us
to identify:

(marmA (AR B))jy = (marmaca (A B))jy = (cA(ARB)) .

The right-hand side is called the fusion product. This computation asserts that, away from the diagonal,
the convolution product is canonically isomorphic to the usual exterior product.

By Theorem , there is a canonical equivalence

AxB=Amari(ABB) » A ((ch (A8 B))p).

Both ji. and ¢} respect the flip map A(o)*. Therefore, applying the exterior symmetry 7 induces the
desired natural equivalence 84 p:

A B= A (juch (A B)y) 225 A (jrchA(0) (B A)p) = A*A(0)* (iech (Br A)y) ~ B A

where the final identification uses the fact that o o A = A. By the fully faithfulness of ji., the symmetry
condition Sp 4 o 4,5 =ida.p and the hexagon axiom can be checked on the open subset U, where they
are trivially satisfied by the symmetry of the exterior product.

4.5 The fully faithful functor Saty; — Sat,:

In this subsection, we assume that the base curve is the affine line, X = A'. Under this assumption,
the geometry of the relative Hecke stack simplifies drastically. Because the affine line is an algebraic
group under addition, it acts on itself by translation. This allows us to canonically identify the formal
neighborhood of any point = € A' with the standard formal disk at the origin.

Lemma 4.5.1 (Global Splitting). Let X = A'. There are canonical global isomorphisms of ind-group
schemes and stacks over A:

LyGeA'"xLG, LiLGxA'xL*'G, and Hcky ~A' x Heke .

Proof. Let A' ~ Spec(C[z]). For any R-point 2 € A'(R), translation by = provides a canonical isomor-
phism of formal disks 'y = Dg, 2z = t+ 2. An R-point of LG is a pair (z,B) where z € AY(R)
and [ ¢ G(f‘;) Precomposing 5 with the translation isomorphism maps it canonically to an element
of G(D%) = LG(R). This yields the equivalence of ind-group schemes ® : A x LG ~ L;1G. The exact
same translation logic applies to the positive loop group, yielding ® : A! x L*G ~ L}, G. To show the last
equivalence, we must show that ® and ®* intertwines the actions in the sense that the diagram

idy1 x(ou,ar)

Al x (L*G x LG x L*G) A'x LG

(@*,@,@*)l l@

L:&lG xp1 La1G x 1 L:&lG — LG

(alﬁar')

commutes. Using the formulas ®*(xz,g(t)) = (z,9(z — 2)) and ®(x, h(t)) = (z,h(z —x)), we can trace
the R-point (z,g1(t),h(t),g2(t)) right-down and down-right to get (z,g1(z —x)h(z - z)g2(z—2)). O

Let pr, : Hckx ~ A x Hcke; - Heke denote the projection.
Theorem 4.5.2. The functor (=) : Satg —> Saty1, A — prj A[1] is fully faithful.

Proof. First, we claim that the canonical map 1 — pry, prj(1) =~ pry, (1) is an equivalence. We check
on stalks: Let i, : * - Hckg be the inclusion. By smooth base-change, the map above becomes 1 —
it pry, (1) = pe(1) where p: A! - * is the canonical map. This computes the (singular) cohomology of
(the underlying analytic topology of) A!, which is just 1. Now, if A € Satg, then the projection formula
gives

pry, pry(A) = pry, pry(A®@1) = A®pr,, (1) = A,
showing pry, is fully faithful. The shift by 1 is to there to preserve perversity. O
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4.6 Symmetric monoidality of the fiber functor

Let Loc® (X?) denote the category of graded local systems on X?". The symmetric monoidal structure
is by Koszul sign-rule.

Theorem 4.6.1. There is a functor
H - Sa“tXI — LOCgT(XI)a A~ @ieZ :H:Z(QI*(A))
which is (strong) symmetric monoidal. Le., there is a commutative diagram

H*(Ax B) —————— H (B A)

| ﬁ |
I (A) ® I (B) ——— H(B) @ H*(4)

Furthermore, for every point i, : Spec(C) - Al, the diagram

Sata l) Sat:

Hl lﬂ*

Modg" «—— Loc® (A!,A)

commutes. In particular, the fiber functor H* promotes to a (strong) symmetric monoidal functor.

Proof. Since A qr-suave, it follows that gr(A) is id xs-suave, so all H*(A) are local systems, making the
functor H* well-defined (see Lemma and Proposition ).

For strong monoidality, we use the fusion formula together with the Kiinneth formula. Recall that
there are cartesian squares

Hekx oy AN Hck x s (Hck xr x Hekxr ) AN Hck xr x Hekxr

qfll cart lq‘] (qr qu)'l cart lqleh
U

UﬁXfof s X1 x x!

J
and that the isomorphism ca satisfies (qr x qr)’ca = g5 (here J =T u ). Thus

75 qr g1 (CA(AR B) 1) = ¢, 5" jis (A (A® B) )
~ (qr x qr)icasch(A® By
~ (g1 xq1)%j"(Aw B)
~j7%(qr x qr)«(A® B)
~ j*(qr(A) ®qr(B)),

80 ¢+ jix(CA (AR B) ) = q1(A) ® g1 (B). Consequently,

qr+(A* B) = qr. A" jie (A (AR B)y) = A% gy jix (cp (AR B) )
~ A*(qr(A)mqr(B))
~qr(A) ® q1(B)

6The objects are local systems L together with a direct sum decomposition L ~ @7, L1 for local systems L. A map
is a map of local systems that respect the grading.
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so taking @;.z3*(~)[i] gives the desired result. Similarly, applying A* and @;.z3*(-)[i] to the diagram

07:Jix(A(ARB)jy) —— @i (AA(0) (BRA)w) —— A(0) g (A (BB A)y)

ﬁl l:

q1(A) = qr(B) = » 0" (q1(B) 8 qr(A4))

gives the symmetric constraint.
The last diagram follows from base-change.
O

Remark 4.6.2. In Theorem , we established that the graded fiber functor 3* : Satg — Loc®" (X 7)
(and correspondingly the functor to ModY') is symmetric monoidal. However, the standard symmetric
monoidal structure on the category of graded modules Mod%" comes with a Koszul sign rule for its
commutativity constraint

Ber(vO W) = (—1)deg(”) deg(“’)(w ®v).

To apply Tannakian reconstruction (Theorem ), our target category must be the ordinary, ungraded
modules Mod, equipped with the standard symmetry v®w — w®v. The forgetful functor Mod} — Moda
is unfortunately not symmetric monoidal with respect to the Koszul constraint.

To resolve this, we modify the geometric commutativity constraint 84z on Satg by a sign. The
parity of a simple object IC) € Satg is determined by the complex dimension of its support: p(IC,) =
dim(Gry) = (2p,A) (mod 2)., the modified commutativity constraint as

- (_1)(2p,/\>(2p>/\’

CIC, IC,, >ﬁICA,ICA,'

for simple objects IC, and IC,/. For arbitrary objects A, B € Satg, we write A ~ GBICfmA and B ~

@ICf,m »" by Theorem , and extend the definition of the constraint ¢4 p component-wise.
With this modified constraint c4,p on Satg, the fiber functor H* : Satg - Mod, is strong symmetric
monoidal functor, summarized by the following commutative diagram:

H*(AxB) —a8) o pge(B s 4)

| |

H*(A)® H*(B) ———— H*(B)® H*(A)
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5 Weight functors and the root datum of G,

In this section, we will verify that H* is actually a fiber functor and that Sat¢ is rigid, and thus proving the
first two paragraphs of Theorem . In Section 5.1, we identify Saty with the the category of (finitely

generated) X, (T)-graded A-modules ModX*(T) and show that the fiber functor H* factors through this

category. In Section we use this identification to construct a map Satg — ModX*(T) Satp, which,
once we have shown rigidity and that H* is a fiber functor, will give a map Ty — G A by functoriality of
Tannakian reconstruction (see Theorem ). The argument relies on the theory of “weight functors”,
attributed to Mirkovic-Vilonen (see [MV18] for the original paper). Finally, in Section we prove the
assertions in the last paragraph of Theorem by that the map Th — G is a closed immersion and
constructing a canonical Borel subgroup By ¢ G containing 7 using Theorem

5.1 Identification of Satr

We explain how to identify Satp with ModX “(™ Once we have Theorem , this identification can be
used to exhibit a closed immersion T — G A-
Example 5.1.1 (The Geometric Satake Equivalence for a Torus). Assume that G = T is a torus. Be-
cause T is abelian, the loop group LT and the positive loop group L*T are also abelian. The Cartan
decomposition, Gry is a disjoint union of points {t*} x,(7)- Thus the Hecke stack becomes a disjoint
union of classifying stacks
HCkT o~ LI L+T\*)\
AeX. (T)
where *) denotes the point t*. Consequently, a perverse sheaf on Hcky is uniquely determined by a set
of sheaves on each L™T\x,.
In general, for any smooth algebraic group H, there are canonical equivalences

Perv(*/H,A) ~ Loc(+/H,A)[-dim H] ~ Rep, (m1(*/H)) ~ Rep, (mo(H)).

Because H = L*T is connected, the latter becomes Mod,. Taking the coproduct over all A € X, (T"), we

obtain an equivalence between the Satake category and X, (T)-graded A-modules Satr =~ Modf*(T) . We
claim that this equivalence is symmetric monoidal. Recall the convolution diagram:

Heky x Hekp < L¥T\(LT x*'T LT)/L*T 2 Heky
The target of p decomposes as

Hekp xHekp =[] (L*T x L*T)\*
w,rveX, (T)

(1,v)>

and the source decomposes as

L'T\(LT xETLT)/LT =[] AL\ %) -
p,veX, (T)

This holds since T is abelian, so the orbits of LT x LT under the action of L*T x L*T x LT are strictly
indexed by pairs (u,v) € X, (T) x X.(T), and the stabilizer of the point (¢*,t") is exactly the diagonal
subgroup A(L*T). The fiber p, ,, becomes the canonical map of classifying stacks induced by the subgroup
inclusion A(L*T) - L*T x L*T. Because both A(L*T) and L*T x L*T are connected, their component
groups are trivial, and their perverse sheaf categories are canonically identified with Mod,. Under this

"Recall that if G is a group, then a category of G-graded modules Mod,c\" where an object is a A-module M together
with an isomorphism M =~ @ eq Mg and a map f : M — N is a map of modules that respects the decomposition, i.e.
f(Mg) ¢ Ng. The group-structure on G induces a monoidal structure ® on Mod§ with (M ® N)g = Boy=g(Mz @7 Ny),
which is symmetric monoidal if G is abelian. There is an (obvious) forget functor Mod/C\" — Modjy.

8This is true since the point * admit no non-trivial stratifications; it is certainly not true for general classifying stacks
X/H.
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identification, the pullback pj, , becomes the identity functor. Hence p* is an equivalence, allowing us to
comput A x B as mi(AR B).

The multiplication map m([g1,92]) = [g192] becomes addition in the cocharacter lattice, m(u,v) =
w+ v, so taking stalks yields

(A*B))\ﬁ'mg(AB))\E @ (AB)(;J,,V): EB (A#®BV)>

ptv=X pAv=XA

which is exactly the A™ graded piece of the tensor product of two X, (T")-graded A-modules. Preservation
of the symmetric monoidal constraint follows similarly, noting that moo = m (where o swaps components),
which is a direct consequence of T being abelian.

5.2 The Semi-Infinite Orbits S, and T},

In view of Example and Theorem , we aim to construct a symmetric monoidal functor F' :
Satg — Modf*(T). To do so, we must introduce some further geometry on the affine Grassmannian.
The action of L*G on Grg may be restricted along the composite

G 25T y G y LTG,

making Grg a G,,-space.

Recall 5.2.1 (G,,-spaces). First, some general theory. Let X be an co-topos. If f:S — T is a map in X,
there are adjunctions fi 4 f* - f,

fi
PR SI(X = 8)=(X~>5->T)
s — Xy FHY > T)= (Y xS 5)

Let G € Grp(X) be a group-object. The maps to the left induce the adjunctions to the right

St D!
. LN N
* —— BG ~x|G s X ¢s— Xypg <"~ X
Sx P

Objects in X,pg are G-actions, and if Xe X/, then X =~ s*X is the underlying object of the G-action

X. The essential image of s, (resp. s,) is the category of free G-actions (resp. cofree G-actions). The
essential image of p* is the category of trivial G-actions, while p;(X) and p,(X) compute the orbits and
fixed points, respectively. For X ~ s*X and Y ~ s*Y, we define the internal hom of G-actions as:

Hom“(X,Y) = p,Hom(X,Y).

We will apply this to X = Shvgyqc(Affy) and G = G,,,. The group G,, acts on A' by dilation and inverse
dilation, yielding G,,,-spaces Al and Al. If Z is a G,,-space (the underlying object of a G,,-action), we
define the attractor, fixed points, and repeller as

Z* ~Hom®" (AL, Z), Z°=Hom®"(+,7), and Z ~Hom®m(Al,Z),

-1
S—S

. . . 0 -
respectively (where s* has been suppressed in the notation). The maps * - Al — * and A’ G, TS

+ + + —
A' induce maps Z° L72#L 72%and 2% 2% 7. The maps it and ¢~ induce a map Z° - Z* x5 Z~
which is is not necessarily an isomorphism, however it is both open and closed.

Back to the setting at hand. We consider LG as a G,,-space via the adjoint action
Adypv(s)(9) = stvgs_2pv e LG, s¢€Gyy.

Recall that for a root subgroup element z,(f(t)), the adjoint action acts via weights:

Aday () (2a(f(1))) = za (/2 £(2)).
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Thus, the attractor, fixed points, and repeller for the G,,-action correspond exactly to the spaces where:
(a,2p") >0, (a,2p")=0, {a,2p")<0,

which are equivalently LB, LT, and LB~. Similarly, by restricting the adjoint action to L*G c LG, we
obtain analogous isomorphisms (L*G)* ~ L*B,(L*G)" ~ L*T, and (L*G)~ ~ L* B~ for the positive loop
group.

Under this identification, the maps p*,¢*,i* from the general theory of G,,-actions do as expected;
p": (LG)* —» LG is the inclusion LB < LG, the fixed-point inclusion i* : (LG)® - (LG)* is the standard
inclusion of the maximal torus LT < LB, and ¢* : (LG)* — (LG)° corresponds to killing the strictly
positive weights, recovering the canonical projection LB - LB/LU ~ LT.

Note that the G,,-action on LG and L*G descend to the G,,-action by left multiplication on Grg.
Miraculously, the attractor, fixed points, and repellers behave well under this quotient:

Theorem 5.2.2. The canonical maps

X (T) = Grp = LT/L'T = (LG)°/(L*G)" — (Grg)’, Gry — Grp-
GrB = LB/L+B = (LG)+/(L+G)+ - (GrG)+7 l cart l
Grp- ~LB™/L*B™ ~ (LG) /(L*G)” — (Grg)™, Grp Gre
are equivalences, and the diagram to the right is cartesian.
Proof. Let W be the G,,-spaces AL, Al or *. There is a canonical map

Hom®™ (W, LG) /Hom®™ (W, L*G) - Hom®" (W, LG/L* G) ~ Hom®" (W, Gr¢),

which is a monomorphism. Thus it suffices to show it is an effective epimorphism, or equivalently, that
Hom®™ (W, LG) — Hoime(VV, Grg) is an effective epimorphism.

Let W = #. Let z € (Grg)(R) be an R-point. We must lift = to an element of LT, possibly on
an fpgc-cover. By definition, there is a G,,-equivariant map z : Spec(R) — Grg, where the action on
Spec(R) is trivial. Pulling back LG — Grg along z gives a G,-equivariant principal L*G-bundle P
over Spec(R). Pick a fpqc-cover Spec(R’) — Spec(R) and a trivialization ¢: Pr — L*Gg. The G,,-
action on P induce an action a on LG given by ac(g) = ¢(Adayv(e) 9 '(g)). Using equivariance, one
computes the formula a.(g) = ac(1) Adg,v(e)(9), so if h(c) = ac(1)2p"(c), then h(cd) = h(c)h(d) (used
that aG,, - Aut(L*Gg/) is a group map). Consequently, we have a cocharacter h : G,, - L*Gg/. But
since LG = G x L”°G, and L”°G is pro-unipotent (so admits no non-trivial cocharacters), h factors
through Gg/ (up to conjugation). In a reductive group (over a commutative ring), any cocharacter can be
conjugated étale locally, and therefore fpqc-locally, into a fixed maximal torus. Pick such an fpqc-cover
Spec(R") — Spec(R') and k € L*G(R") such that k~'h(c)k = A(c) lies in X, (Tgr~). The trivialization ¢
pulls back to a trivialization ¢ : Prs > (L*G) g, and we define a new trivialization ¢’ = k71 - ¢. Again,
there is an induced action a/,(g) = ¢'(Ada,v (o) ¢~ (g)), and it satisfies

ap(1) = k7" -ac(k) = k™ ac(1) Adag(e)(9) = A(€)20" ()

Consider the lift y = ¢'~1(1) € Pr» of x. Since z is a fixed point, there is some h € L*G g s.t. Adgpvey(y) =
y - h. But then

h=¢'(y)h =¢'(yh) = ¢'(Adzyv (o) (y)) = ag(1),
Ad2pv(c)(y) =Yy a;(l) = yA(C)QpV(C)717

which gives y712pY(c)y = A(c). Now, as 2p" is regular and X lands in T, we have
LT = Cra(2p") cyCra(Ny ' =yLTy ™",

and thus by maximality of T, LT = yLTy™*. Hence y € Npg(T) = Ng(T)x LT = Ng(T) = (X, (T) x L*T).
Write y = w-t* -7 where w € Ng(T), t* € LT, and 7 € L*T ¢ L*G. Finally, using that wt* = t*(")w where
w(p) : G,, - G is the cocharacter defined by wu(-)w™", we see that z = [y] = [t*(")], lifting = into LT.
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Let W = Al = Al. Let Spec(R) — (Grg,) be an R-point, which we need to lift, possibly after an fpqc-
cover, to an R-point of (LG)* = LB. The given R-point corresponds to a G,,-equivariant map A}% - Grg
which we pull back along the fpqc-cover LG — Grg to obtain a principal L*G-bundle P - A},. Because

the G,,-action on A}, fixes the origin, the restriction Spec(R) 5 A} — Grg factors through (Grg)? = Gro,
so if Py is the restriction of P to the origin, then the diagram below supplies an isomorphism Py ~ LYG

Py~ (L*G)p —— L'G —— LG

! L]

Spec(R) — Spec(k) —i Gra

for some p € X, (T). The G,,-action on P is by conjugation, so to make the isomorphism G,,-equivariant,

we compose it with the isomorphism ¢t™#-: L*G — L*G (also use that T is abelian). Lemma extends
this G,,-equivariant isomorphism to a global one: P =~ (L*G) Xgpec(r) A}%. Composing with the zero-
section, we get a map A% — P — LG that sits over f: A}, - Grg, as desired. O

Lemma 5.2.3 (Contraction lemma). Let R € CAlg(Ab) be a commutative ring and let H € Grp(Aff,z)
be an affine group scheme over Spec(R) equipped with a G,,-action. If P is a G,,-equivariant H-torsor
over A}% (equipped with the G,,-action by dilation), then P is the pullback of its restriction to 0 along
the map A}% — Spec(R). In other words, there are cartesian squares

P » Py > P

[ w | e |

AL —— Spec(R) — AL

Proof. See O
Now for the construction of S, and T}, for a cocharacter u. Pulling back the cartesian square from
n
Theorem along * 5 Grp defines the positive- and negative semi-infinite orbits S,, and T,.
* e > % {t'y —— T,
S| 1% | |
* — Grpy —— Grp- — Grp Sy —— Grg
t 1 q
Sy > Grp — Grg g —— S,
P
" L
* Grr Sy — Grg

By construction, we have the cartesian squares to the right (u # v), and since Gry is a discrete set of
isolated points, S, and T}, are the connected components of Grg and Grp-, respectively, making the

composites S, — Grp N Grg and T, — Grp- N Grg, which we will denote by s, and ¢, locally closed
(see [DG14, Theorem 1.6.8]). Also, the underlying points of S, and T}, are

{x € Grg | lir%QpV(c) cx=t'} and {xeGrg|lim 2p"(c) -z =t"}.
o c—00

The contraction principle ([DG14, Propositoin 3.2.2]) states that the maps canoncial maps

* *

q; —— q i T, it i”q”qf’ ~ g/, H*(T,,-) — (t")*, (") —— H(Su,-)
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are equivalences. Braden’s theorem (the main result of [DG14], originally proven in [Bra03]) states that
the hyperbolic localization map

% ! unit, ._x 1 base.. .—% .— 4] counif 4!
i *p ! i *p 'pip“ 1S i *Z*’LJr'er* ‘g ,L+.p+*

is an equivalence. (Note that the composite above is a specialization of the hyperbolic localization map

“w

in [DG14] to the case where j: Z° - Z* xz Z~ is an equivalence). Using that * 5 Grr is a connected

component, so an open immersion, yielding (t#)* ~ (t*)'. Writing the hyperbolic localization map as
ok

ap e ¢ p"* and pulling back along ¢* : * - Gry using !-pullback on the left and *-pullback on the right
and using base-change yields an equivalence

H* (Gre, t,(-)) = HZ(Gra, s;,(-))

This functor is the so-called weight functor with weight p of Mirkovié¢ and Vilonen which we will consider
in the next subsection. We end of this section with two results on the geometry of S,, T}, and Grj,
however, we will not provide proofs.

Proposition 5.2.4. S, and T}, are the orbits of ¢ under the action of LU and LU~, respectively.
Furthermore, S, =U,<, S, and T}, = U,5, T},

Proof. See [MV18, Proposition 3.1]. O

Theorem 5.2.5. If A\ and p are cocharacters, and A is dominant, then
GranS,#0 <= us<A <= GrynT, *2

If this is the case, then Gryn S,, has pure dimension (p, A+ p), and GrynS, c GirAmS# is open and dense.
In particular, there is a canonical bijection my(Gry N S,) =m(GranS,).

Similarly, Gry n 7}, has pure dimension (p, A — u), and Gry n T, ¢ Gryn S, is open and dense. In
particular, there is a canonical bijection mo(Gry nS,) =~ mo(GrynSy,).

Proof sketch. Evidently, t* € S,,, so if u < A, then t* € Gry nS,,. Assume that z € Gry n S,,. By definition,
lim,_2p"(¢) - x exists and is equal to t*. Since Gry, is closed, lim._2p"(c) - = = t* must be in Gry. The
proof is similar for 7,.

I won’t provide a full proof of the dimension statement, however, I will include the main claims. This
follows [Zhu16, Theorem 5.3.9]. See [BR18, Theorem 5.2] for more details. The first claim is that S, \ S,
is a hyperplane section of S, (under an embedding of Grg into projective space). Using this, one sees
that if " is a simple coroot, then dim(GrynSy_ov) = dim(Gry n Sy), which allows for induction. The
base case is

two) = wo(N\)  (wo € W is the longest element)

GrynS, ~GrynS z{A(zp,A) e

5.3 The weight functors of Mirkovi¢ and Vilonen

The goal of this subsection is partly to promote the functor H* : Satg — Moda to a fiber functor,
witnessing Satg as a neutral Tannakian category, and partly to construct a symmetric monoidal functor
F=®,ex, (1) Fu: Satg — Modf*(T) that H* factors through and will be used in Section to construct

a split maximal torus of GA. The construction of F is due to Mirkovié and Vilonen.

Theorem 5.3.1 (Weight Decomposition and the Fiber Functor). If A € Satg and k is an integer, then
there are canonical maps

@ H¥(Grg.t,A) — H*(Grg,A) and H*(Grg,A) — @ HE(Gig,s)A)
pweX,(T) neX.(T)
(2p,p)=k (2p,p)=k
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which are isomoprhisms. Consequently, the total cohomology functor

H = H*(Grg, -) : Satg — Mod,
keZ

factors through the category of X, (T)-graded A-modules F' = @,cx, (1) F). : Satg - Modf*(T) via the
canonical isomorphisms

@ H®H(Crg,tA) » H (Crg, A) = @ HEPM(Grg,s)A).
peX . (T) keZ neX(T)

Furthermore, H* is exact and (strong) symmetric monoidal.
First, we establish a vanishing lemma:

Lemma 5.3.2. Let A € Satg be a L*G-equivariant perverse sheaf. If A and p are cocharacters and A is
dominant, then

H%(S, nGry, A) =0 for k> (2p, 1) H%nGU(Gr&A) =0 for k< (2p,p).

and thus
Hf(Gr(;,s;A) =0 for k> (2p,p) Hk(Grg,tiLA) =0 for k< (2p,p).

Consequently, F), ~ pr’“)(GrG, shA) = H<2P=“>(Grg,tiLA) is an exact functor.
Proof. As A is perverse, i} A € DS’Q(”’A)(GU, A). If j:5,nGry = Gry denotes the inclusion, then
Ajsnar, = J i3 A € DTN (S, 0 Gy, A),

As dimc (X ) = (p,p + A), its real dimension is 2(p, 1 + A). The compactly supported cohomology of a
space of real dimension d with coefficients in a sheaf shifted to degree < m vanishes in degrees strictly
greater than d + m, whence the claim.

As a topological space, S, is locally compact and admits a locally finite filtration F},S, = U(2p,2)<p(SuN
Gry). Note that Z, = F,,S, N Fjp_15, = Ug2p,0)=p(S, N Gry) is a disjoint union. Let hy, : Z, = S, be the
inclusion. The F; page of the spectral sequence from Theorem applied to the complex s; A satisfies

EPY =HE*(Z,, his;A) =0 for p+q>2(p,v).

P "puv

But as the abutment H¥(S,,, s} A) admits a filtration whose associated graded pieces are subquotients of
the E; page, it follows that H¥(S,, s5A) = 0 for k > 2(p,v).

The claims for T}, follow from similar arguments, using the fact that if f : Z — X is smooth of
relative dimension d and A € D*™(X,A), then HY (X, A) = HF(X, f'A) = H*(X, f*A[2d]) = 0 for all
k <dim X +2d.

Exactness follows from vanishing of most terms in the long exact sequence associated to short exact

sequence 0 > A - B - C — 0 in Satg upon applying F),. O

Lemma 5.3.3. Let X be a locally compact topological space equipped with a locally finite filtration by
closed subsets:
QZX,ch()Cch"'CX

such that X =UX,. Let hy,: Z, = X, ~ X,_1 = X be the natural locally closed inclusions.
For any complex of sheaves A € D*(X, A), there exist spectral sequences converging to the compactly
supported cohomology and global cohomology of X, with the E; pages given respectively by:

!

EPT=HIY(Z,,hi A) = HIY(X,A) and EY?=HPY(Z,, h,A) = HY(X, A)
Proof of Theorem . For each integer n € Z, we claim that
Uy, = U T,
(2p,p)<n
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is open in Grg. Indeed, consider the complement Grg U, = U2p,uy>n i = Ui2p,u)>n TTL, which intersected
with Gry is
U GranT,.
(2p,p)>n
But this is a finite union, for if Gry n TTL # @, then p < A by Proposition and Theorem , and
there are only finitely many such cocharacters satisfying (2p, u) > n for a fixed n.

This gives a filtration of open sets @ c ---c U,y c Uy, ¢ -+- ¢ Grg with Z, = U, \ Uyp—1 = Uy T

2p,p)=ntp-
Let i, : Z,, = U, and j, : U,_1 = U, be the inclusions. From the fiber sequence in*i!nA - A= judnA,

there is a long exact sequence

o HE (U, A) 25 HE(U,,, A) —> HE(Uy_y, A) —> HEL(U,, A) -

By excision and Lemma , we have

HY, (Un,A)~ @ H’C(Grg,t;A):

(20;/1):”

®2p,y-k H (Gre, t,A)  n=(2p,p) =k,
0 else.

Using this, we find

e if k > n, then H*(U,,, A) ~ H*(U,,_1, A), and since U,, is empty for sufficiently small n, we must have
Hk(Uk_l, A) ~ 0

e If k =n, then H’}n (U,, A) is non-zero, so U, is non-empty. The number (2p, 1) has constant parity on
each connected component of Grg (see Theorem ), so existence of strata at degree k guarantees
there are no strata at degree k—1 on those same components. Thus, Zi_1 = &, meaning Uy_1 = Uy_s.
Hence H*1(Uy,_1, A) ~ H*"1(Uy_s, A) = 0. The long exact sequence gives a canonical isomorphism

@ H¥(Grg,t,A) 5> HE (UL, A).

(2p,1)=k

e If k < n The local cohomology terms again vanish, yielding isomorphisms H*(U,,, A) ~ H*(U,,_1, A).

Taking the limit as n — oo, the global cohomology stabilizes after step k. Thus, H*(Grg, A) ~ HE(Uy, A),
completing the proof of the direct sum decomposition.

(The other isomorphism follows from similar considerations. Because the closures of S, drift down-
wards, the sets Vi, = U2, uy<n Sy form a growing tower of closed subsets. Applying the long exact sequence
for compactly supported cohomology yields the coimage decomposition).

Exactness follows from Lemma

The idea for symmetric monoidality is to extend the 2p¥ (G, )-action to the relative affine Grassman-
nian, which we will not do here. See [BR18, Proposition 8.1] or [MV18, Proposition 6.4] for the original
account. O

Corollary 5.3.4. If X\ and p are cocharacters, and A is dominant, then
dlmF#(ICA) = |7To(Slu N GI‘A)l.
In particular, H* is faithful, proving that H* is a fiber functor.

Proof. By the proof of Theorem and Lemma , we have ICyq,, € D‘(2p”’)‘2(Grn,A) for n < \.
Compactly supported cohomology of a space of real dimension d with coefficients in D™ vanishes in
degrees strictly greater than d +m, so for n < A\, H¥(Gr, nS,,,IC,) vanishes for k > (2p, i) - 2.

Using the long exact sequence associated to the open-closed decomposition GrynS, — Gry N Sy <+
Up<x Gry NS, gives an isomorphism

0 - HZ*1 (GreynS,,, ICy) S HEPH) (Gry n S, ICy) - 0
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Since IC, is supported on Gry and ICy|g,, = A[dim Gry] = A[(2p, A)], it follows that
F,(ICy) ~ H??#) (Gry n S, ICy) = HP#) (Gry nS,, A[(2p,A)]) = HEPA*#) (GrynS,,, A)

Note that the right-hand side is the compactly supported cohomology in top-degree, which we know is of
dimension |m (.S, N Gry)| (e.g. by Poincare-duality).

Faithfulness is equivalent to conservativity as H* is an exact functor of abelian categories. Conserva-
tivity follows from semisimplicity and the dimension formula just established. O

Remark 5.3.5. The functors F,, do not depend on the choice of T' and B. See [BR18, Section 5.5 or
[MV18, Theorem 3.6].

Corollary 5.3.6. The category Satg is rigid.

Proof. According to [DM18, Proposition 1.20], it suffices to verify that if H*(A) is of dimension 1, then
there is an object A~! such that A « A™! =~ 1 ~ ICy. For such A, Theorem and Corollary
show that there is only one non-zero weight in the decomposition of H*(A), so A ~ IC, for some central
cocharacter \. Because ) is central, its Schubert cell is a single point Gry = {t*}.

We claim the inverse is A™' = IC_,. Because t* commutes with L*G, the fiber of the projection p over
the point (t*,¢7*) is a trivial L*G-torsor, collapsing to a single point. This yields the following Cartesian
square:

tO

e

* T Hek®y —™ % Hekg

idl cart J/p

# = {17} x {72} —— Hckg x Hekg

LaXLoX

which we use to compute
IC,+IC_ »myp"(ICARIC_)) 2 mup* (tx x t_x)(181) ~ (1) ~ ICy .
O

Finally, Tannakian reconstruction supplies the affine group scheme G, and the diagram from Theo-
rem

5.4 The root datum of G,

In this subsection we will prove the last paragraph of Theorem , by constructing a canonical split
maximal torus Ty — G and Borel By c G containing T (see Appendix Section 13). But first, we show
that Ga is reductive.

By construction, we only have access to G5 through its representations Rep, (G4 ) = Satg, but we are
in luck due to Lemma

Lemma 5.4.1. Let A be a field.

(1) If H is an affine group scheme over A, then G is of finite over A if and only if there exist an object
X € Repy(H) such that X generates Rep, (H) under direct sums, tensor products, duals, and
subquotients.

(2) Let H be a affine group scheme of finite type over A. If H is not connected, then there exists a non-
trivial object X € Rep, (H) such that the full subcategory of Rep, (H) spanned by subquotients of
X®" for n >0 is stable under ®.

(3) Let H be a affine group scheme of finite type over A that is connected. Assume that char A = 0. If
Repz(H Xgpec(a) Spec(A)) is semisimple, then H is reductive.

Proof. See [BR18, Proposition 2.11]. O
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Proposition 5.4.2. The affine group scheme G, is reductive.

Proof. We verify (1)-(3) in Lemma for Rep, (Ga) = Satg. For (1), let Aq,...\, be generators for
the monoid X, (T)* and let X =ICy, »---«IC, . Fix A=Y, k;A; for k; >0 and let

X =ICM «- x ICT

Note that Supp(X) c Gry. As Satc is semisimple, we may write X ~ @<\ ICﬁ9 " for some m,, > 0. But
Ciar, = 1[dimgry], so my = 1> 0, witnessing ICy as a direct summand of C. We finish by semisimplicity
of Satq.

For (2), let X € Satg be a non-trivial object. There is some non-zero dominant cocharacter A such that
IC, appears as a direct summand of X. Hence IC,,, appears as a direct summand of X*" for every n > 0.
But the objects IC,, n > 0, are pairwise non-isomorphic (they have distinct supports), contradicting
stability under *. This shows that G is connected.

For (3), note that GK ~ G XSpec(A) Spec(A), and that RepA(GK) ~ Satg semisimple. O

Theorem 5.4.3. The reductive group G contains a canonical split maximal torus 7 and a canonical
Borel subgroup By. Furthermore, the root datum of GG with respect to these subgroups is exactly the
root datum of the Langlands dual of G.

Proof. First, we consctruct a map ¢ : Tp - Gx. From Example and Theorem there is a
commuting triangle to the left below, which induces the triangle on the right by Tannakian reconstruction
(Theorem ):

Satg i > Modf*(T) ~ Satp Rep, (Ga) 4 > Repy (Th)
m At Fom ,/orget
MOdA MOdA

for some map ¢ : Ty - Ga. Note that by constrution, the characters and cocharacters of T and T are
swapped: § .
(XH(T), X.(T)) = (Xu(Th), X7 (1))

Second, we show that ¢ : Th - Gy is a closed immersion and that it witnesses the source as a split
maximal torus of the target. According to [DM18, Proposition 2.21(b)], the map ¢ : Th — G4 is a closed

immersion if and only if for every object V € Rep, (Th) = Modf*(T) there is some A € Rep, (Gp) ~ Satg

such that V' is a subquotient of ¢*(A) ~ @ex, (1) F},(A). Since Saty =~ Modf*(T) is semisimple, it suffices
to show this for the 1-dimensional graded vector space V' = A,y supported in degree . Write pn= A - X’
for \,\" € X, (T) and let A = ICy »ICY},, where IC}, is the dual to ICy: (recall that Satg is rigid). We
have
F,(A)~ @ F,(IC))®x F.(IC),),
v+v'=p

and from Corollary and (the proof sketch of) Theorem , Fx(IC)) = 1 = F_\/(IC},), which
yields a 1-dimensional subspace F(ICy) ® Fx (IC3,) c F},(A).

For maximality, it suffices to show that the induced map on Grothendieck rings is injective. Let V) =
ST(IC,) be the irreducible representations of G'5. Because F},(ICy) =0 for u ¢ A, and dim F)(ICy) = 1,
the formal character ©*([Va]) € Ko(Repy(Ta)) =~ Z[X.(T)] is of the form e* + ¥, m,e”. Since the
leading coefficients are different for varying ), images of the basis elements of Ko(Rep,(Ga)) are linearly
independent, making the induced map of Grothendieck rings injective.

Next, we will construct the Borel By c Gy containing Tx. For each dominant coweight A € X, (T)*,
define the 1-dimensional line £y = F)\(IC,) c Vy. The convolution ICy » IC,, decomposes as ICyx D X,
where the remainder X is supported on Gry,x \ Gry,x. Applying the monoidal functor F' = @, F), to
the canonical projection p: ICy » ICy — ICy, ) and restricting to degree A+ \’ yields a map

Fxin(p) :0x ® €y —> Lxenr,

40



Daniel Pham Nguyen Geometric Satake Equivalence

which we claim is an isomosphim. Recall that the weight functor F,). evaluates compactly supported
cohomology on the semi-infinite orbit Syya. But as Syea N (Grazxn \ Grazyn) = @, we see that X5y, 2 0.
Consequently, p restricts to an isomorphism on Sy, NGry;y, which implies Fi;x (p) is an isomorphism.
This defines a point in the flag-variety B = B(Gr) c [Mex+(7y) P(Va) (Theorem ), and therefore

a Borel subgroup By c Gy, and the monoid of dominant characters for that Ba cut out is exactly
X*(Tp) = X.(T)*.

Finally, let Q* be the positive root semigroup of Gy. A weight \ — w appears in V) if and only if
peQt. Soif pe @, then Fy_,(ICy) # 0, which is equivalent to Sx_, nGry # @, or equivalently, A —u < A,
making p a positive coroot of G. Thus, Q" coincides exactly with the positive coroot semigroup of G,
meaning the simple roots of Gy are exactly the simple coroots of G. By Lemma , this completes the
proof that G4 has the Langlands dual root datum. O

Remark 5.4.4. The grading on H* corresponds to the one parameter subgroup
20: Gy, > T - Gy,

where 2p € X*V(TA) = X*(T) is the sum of the positive coroots of G . In particular, T} is the centralizer
of 2p(G,,) c G and By is the unique Borel that contains T and such that 2p is dominant with respect
to Ba. Consequently, the pair (T, Bp) is independent on the choice of T'c B c G.
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A Tannakian Reconstruction

Let A be a field. In this section, we collect the necessary results from the theory of Tannakian reconstruc-
tion. Conceptually, Tannakian reconstruction states that the functor

Rep, (-) : Grp(Aff,)? — CMon, Mod®

is fully faithful (Theorem ) and characterizes its essential image (Theorem ). For references,
see [DM18].

Definition A.0.1. A neutral Tannakian category over A is a category C equipped with a A-linear struc-
ture (enriched in Mod,) and a symmetric monoidal structure satisfying the following properties:

1. € is an abelian category.

2. The symmetric monoidal structure is rigid (every object admits a dual).

3. The tensor product ® is A-bilinear.

4. Ende(1) ~ A.

5. There exists a faithful, exact, symmetric monoidal functor w: € — Modf{l, called a fiber functor.

Theorem A.0.2. An object in CMon,yjoqta lies in the essential image of the representation functor
Rep, (-) if and only if it is a neutral Tannakian category.

More explicitly, let C be a neutral Tannakian category over A with fiber functor w. The group functor
Aut®(w) : A’ - Grp, which assigns to an affine scheme S ~ Spec(R) the group of monoidal natural
automorphisms of the base-changed functor wg = w ®, R, is representable by an affine group scheme G
over A. Furthermore, w induces an equivalence of rigid symmetric monoidal categories C = Rep, (G) such
that the diagram

c® - > Rep, (G)®

x /orget

®
Vect
comimutes.

Proof idea. The proof proceeds by constructing the underlying algebra of G as the direct sum @ xce w(X)V®A
w(X) quotiented out by the relations generated by w(f)Y(¢) ® v ~ p ® w(f)(v) for all maps f: X > Y.
The symmetric monoidal structure of € induces a comultiplication, while the rigidity supplies the an-
tipode map, making it a Hopf algebra. With G constructed, the canonical functor € - Rep, (G) maps
an object X to the vector space w(X), on which G acts via its moduli-description: any element g € G
provides a canonical automorphism gx of w(X). Exactness and faithfulness of w ensure this functor is
an equivalence. O

Theorem A.0.3. The functor Rep, (—) is fully faithful.

More explicitly, if € ~ Rep,(G) and D ~ Rep, (H) are neutral Tannakian categories over A with
reconstructed affine group schemes G = Aut®(w) and H = Aut®(w’), then every exact symmetric monoidal
functor F : @ - D equipped with a monoidal natural isomorphism 7 : w — w’ o F, there exists a unique
homomorphism of affine group schemes ¢ : H — G such that F' is canonically isomorphic to the pullback
functor ¢* : Rep, (G) — Repy (H), yielding the commutative diagram

Fxp*

C ~Rep, (G) > D ~Repy(H)
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B Miscellanea: Linear algebraic groups

In this appendix we recall some classical notions from the theory of linear algebraic groups. Everthing in
here can be found in [Spr9g].

B.1 Root datum and the choice of torus and Borel

Let G be a split connected reductive algebraic group over a field.” The classification theorem says that G
is uniquely determined up to isomorphism by its root datum (X, ®, X", ®"). In this section, we will recall
how extracting this combinatorial data from G corresponds to choosing a split maximal torus ' T c G,
and a Borel ' subgroup B c G containing 7.

e The Torus T pins down the lattices and the roots: By choosing a split maximal torus
T c G, we get the character and cocharacter lattices X = X*(T) = Hom(T,G,,) and X =X, (T) =
Hom(G,,,T).

There is a canonical pairing (—,-) : X x XV — Z that takes a pair (), ) to the unique integer
exponent defining the composition x o A : G,,, = G,,.

The group G acts on its Lie algebra g = Lie(G) via the adjoint representation. Because T is split,
restricting this action strictly to T" yields a decomposition g = t ® @ e ga, Where t = Lie(T) is the
zero-weight space, and ® c X is the finite set of non-zero characters that appear, called the roots.
To every such root, structural theory assigns a unique coroot o¥ € XV satisfying (o, o) = 2.

This defines the (unoriented) root datum (X, ®, XV, ®Y).

e The Borel B pins down positive and simple roots: Let B c GG be a Borel subgroup containing
T. It decomposes as a semi-direct product B =T x U, where U is the unipotent radical. The roots
that appear in the Lie algebra u = Lie(U) form exactly the set of positive roots ®* c ®. There is
a unique minimal subset A ¢ ®* of simple roots such that every element of ®* is a non-negative
integer linear combination of elements from A.

e Further structure: Once ®* and A are locked in by the choice of B, we may define

— The root and coroot lattices Q = Z® c X and Q¥ = ZPY c XV.

— The positive semigroups QF = Zso®* c Q and (QY)* = Zxo(®Y)* c Q.

— The dominance ordering on X and XV: For weights A\, u € X, we define A > p if A —pu e Q*.
Similarly, for coweights A, € XV, we write A > p if A—pe (QY)".

— The dominant chambers X* and (XY)*: A weight A € X is dominant if (A, «") > 0 for all
a € A. Dually, a coweight X € XV is dominant if (o, A) > 0 for all « € A.

— The opposite Borel B~ is the unique Borel subgroup B~ c G such that BnB~™ = T'. It decomposes
as B™ =T x U™, where the roots appearing in the Lie algebra of its unipotent radical U~ form
exactly the set of negative roots &~ = -+,

— The Weyl vector p = % > aeq+ o It satisfies (p,a¥) =1 for all @ € A, making it strictly dominant.

— The Weyl group W = Ng(T)/T. Tt acts faithfully on the lattices X and XV. The action of
w=[w]eW on xeX and A € XV is given by post- and precompositition with conjugation by
w. For each root a € ®, there is a corresponding reflection s, € W. The choice of B (and thus
A) singles out a set of simple reflections S = {s, | a € A}, which generate W and make (W, .5)
a Coxeter group.

— The longest element wy wrt. S is the unique element wy € W of maximal length. It satisfies
wo(P*) = @7, and thus wo(A) = -A.

— The Langlands dual to G is the reductive group G with root datum (XV,®Y, X, ®).

For the classical groups, the Langlands duals are given by the following table:

9A linear algebraic group G over a field is reductive if it is smooth, affine, connected, and its unipotent radical (the
maximal connected normal unipotent subgroup) over the algebraic closure is trivial.

10A torus T is a linear algebraic group that is isomorphic over the algebraic closure to a finite product of multiplicative
groups, G,. We say T is split if this isomorphism is already defined over the base field.

1A Borel subgroup B c G is a maximal Zariski-closed, connected, solvable algebraic subgroup.
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G| SL, GL, Spy, SOz,
G | PGL, GL, SOg,:1 SOg,

Lemma B.1.1. A root datum (X,®, XY, ®") is uniquely determined by its lattices X and XV, its
semigroup of dominant weights X* c X, and its set of simple roots A c ®.

Example B.1.2 (The root datum of SL,). Let me spell out the terms above for the case of G = SL,,
over a field k. Let T c SL,, be the standard split maximal torus consisting of diagonal matrices with
determinant 1, and let B c SL,, be the standard Borel subgroup consisting of upper-triangular matrices
with determinant 1.

Let ¢; : T — G,, be the homomorphism extracting the i-th diagonal entry. We have Y ¢; = 0. A
cocharacter G, — T takes the form s — diag(s*,...,s*). We have Y a; = 0. So if €} is the canonical
dual basis, then the character and cocharacter lattices are

n

X ~ (EBlZeL)/<Zez> and XV = {Zaieiv cPZe!
i= i1 i=1

i=1

Z a; = 0}
i=1

The canonical pairing is simply the standard evaluation: (e;, eJV) =0y

The Lie algebra g = sl,, consists of n x n matrices with trace zero. T acts on g by conjugation.
For a standard matrix unit E; ; (with a 1 in the (¢,7) position and 0 elsewhere), the adjoint action of
t=diag(ty,...,tn) t-E;j-t7"= titj‘-lEi,j, which means the weight of the T-action on E; ; is €; —¢;. Hence
the roots and coroots are

®={¢;-¢;|i#j} and fI)V:{eX—e}/H#j},

which evidently satisfy (€; —¢;, €/ —€) =2.

Our choice of B as the upper-triangular matrices restricts us to the matrix units F; ; where i < j.
Therefore the positive roots, simple roots, and the Weyl vector become

1 “n+1-2
O ={e;—€;|i<j}, A={ai=€¢-€41|1<i<n-1}, and p:fZ(ei—ej):Zuei.

2i<j i=1 2
\

A weight A = Y ¢;e; € X is dominant if (A, a) > 0 for all simple coroots o =€) — €/, ,

if ¢; — ¢;41 > 0. Therefore, X* consists of those A = Y ¢;je; € X with ¢1 > ¢ >+ > ¢p.

or equivalently,

B.2 Highest weight classification and the flag variety

Recall B.2.1 (Highest weight classification of irreducible representations). Let G be a connected reduc-
tive algebraic group over an algebraically closed field of characteristic zero (e.g., C). Fix a maximal torus
T and a Borel subgroup B containing 7', with unipotent radical U.

Let V be a representation of G. A non-zero vector v € V' is called a highest weight vector of weight A
if

o t-v=A(t)v for all t e T (it is a weight vector for T').

e u-v=vforall uelU (it is killed by the positive root spaces).

A representation V' is a highest weight representation if it is generated by a single highest weight vector
vy, meaning V' = span(G - vy).

For every finite-dimensional irreducible representation V' of G, there exists a unique highest weight
vector up to scalar multiplication. Its weight A is necessarily dominant. This induces a bijection:

Dominant weights — Isomorphism classes of finite-dimensional
Ae X*(T)* irreducible representations of G

The corresponding irreducible representation to A is denoted V). It decomposes into T-weight spaces
Vi = @, Vi, which satisfies the following:
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o If V), #0, then < A
e The highest weight space £ = V) ) is one-dimensional, meaning dim ¢, = 1.

Recall that the Borel subgroups of G are all conjugate. The space B that parametrizes these subgroups
is a projective variety known as the flag variety of G. For any fixed Borel subgroup B, this variety
is canonically isomorphic to the quotient G/B. The following theorem demonstrates how embed this
flag variety into a product of projective spaces, reminiscent of the classical Pliicker embedding for the
Grassmannian. The upshot is that to pick a Borel, it is enough to pick certain irreducible representations
of G together with “tensor-compatible lines”, which will be relevant in the proof of Theorem

Theorem B.2.2 (The Pliicker embedding and Borel characterization). With the notation from Re-
call , the canonical map

G/B — Ihex+()- P(V2), 9B = (g-€x)xex(1)+

exhibits the flag variety as a closed subscheme of the target. This subscheme is cut out by the multi-
homogeneous ideal generated by the kernels of the dual projections

24
Wev, —= Viw

for all A, u e X*(T)*. Consequently, there is a canonical isomorphism G/B ~ Proj (EB,\eX*(T)+ VAV).

Conversely, if M c X*(T) is a monoid that generates the character lattice and V), is an irreducible
representation for each A € M, then a family of lines (£))xeps with £ c V) corresponds to a unique Borel
subgroup of G if and only if, for all A\, u € M, the canonical projections

P, n
VA® VY —% Vi

restrict to isomorphisms £y ® £, s A+u- In which case, the corresponding Borel subgroup is uniquely
determined as the stabilizer {g € G | g- £y = £y for all A\ € M}, and the monoid M corresponds to the
dominant weights of G with respect to this Borel.

Proof of Theorem . For the first assertion, see [Wan, Theorem 12].

For the converse, note that x = (£))xear is a point in Pps = [Tyens P(V).

Recall that V) ® V), contains the irreducible component V., if and only if A and u lie in the same
dominant Weyl chamber. This is the case since, by assumption, the maps pX_’ ;i are Non-zero. So there is
some Borel By € B s.t. M is in the corresponding dominant chamber X* (7).

Because M generates the full character lattice X*(T") as a group, it contains a weight 1 that is
strictly dominant with respect to By, and thus the map G/By - P(V,)), 9Bo = g-£; is a closed immersion,
or equivalently, the associated line bundle £(n) is very ample on G/By = B. Thus Proj(@,s0 V,;) =
Proj(@®,s0 H°(X, L(n)®") ~ G/By. The maps

G[Bo = Proj(@xex+(ry,, V') — Proj(@xen VY') —— Proj(@nzo Vi) = G/ By

imply that Proj(Dxear V') = B.

By the first part of the theorem, the ideal sheaf of [ .y, P(V) generated by the kernels of the maps
px}u for all A\, u e M. Applying p}/\’u on z restricts py , to the specific lines £) ® £,,. Thus z € B if and only
if py,, restricts to an isomorphism £y ® £, — lx4 .

In that case, the associated Borel, By, is the stabilizer of z in B ~ G/By under the G-action, namely

B,={g9eG|g-lx=1¢) for all Ae M}.

By construction, B, stabilizes the line £, c V). By the highest weight classification of representations,
£y is therefore the unique highest weight line with respect to B,. Since an irreducible representation V)
exists if and only if its highest weight is dominant, the M is the monoid of dominant weights for the
Borel B,. O

45



Daniel Pham Nguyen Geometric Satake Equivalence

C General Convolution

Let X be an co-topos, and let H € Grp(X) ¢ Mon(X) ~ Alg(X*) be a group-object and X € Alg(y BMod g (X*)®#)
be a monoid-object in X with an H-H-equivariant multiplication for some action of H from both the left

and right. If D : Corr(X)® — Cat™ is a six-functor formalism (or even a three-functor formalism), then

the category D(H\X/H) admits a monoidal structure different from the usual tensor product, called the
convolution product, denoted . The multiplication is explicitly given by “pull-push” along the span

H\(X ®p X)/H

— T

H\X/H x H\X/H H\X/H.

That is,
FxGemp'(FmS)

In this section, we will make this into a fully coherent monoidal structure, promoting D(H\X/H) to a
monoidal co-category D(H\X/H)* ¢ Mon ~ Alg(Cat™) of “ H- H-equivariant sheaves on X.”

An example of interest is the case X ~ Sthqu(AffL and the monoid-object is the loop group LG,
and the group-object is the positive loop group L*G acting by multiplication on both the left and right.
This yields a convolution product on the double-fpqe-quotient Hckg = L*G\LG/L* G, or equivalently, on
L*G-equivariant constructible sheaves on the affine Grassmannian Grg = LG/L*G, with an analogous
version for the Beilinson-Drinfeld affine Grassmannian.

C.1 Double categories and the category of correspondences

The main technical tool is the fully faithful functor from orthogonal factorization systems = to double

categories

OFS — fact s DCat

constructed and proven in [Jur25, Theorem A]. Explicitly, if AT € OFS c Fun(A2%, Cat) is an orthogonal
factorization system, then Fact(A") is the bisimplicial object given by

Fact(A")([m], [n]) = Map([m]x[n], A"),

where [m]x[n] denotes the orthogonal factorization system ([m] x [n]* = [m] x [n] < [m]* x [n]).
Theorem C.1.1 (Haugseng? Where is the reference). If G : D® — €% is a lax monoidal map of monoidal

oo-categories whose underlying functor G : D — € admits a left adjoint F': € - D, then F' promotes to
an oplax monoidal functor F': Cg - Dg.

Theorem C.1.2 (Lurie? Where is the precise reference). If €® is symmetric monoidal and f: A - B is
a map in € Alg(C®), then there is an adjunction of co-categories

f>(-
ABMod,(€) T———— 5 BModp(€)

where f, is the identity on objects and f*(M) = B®4 M ® 4 B. Furthermore, f, promotes to a lax
monoidal map, and (therefore) f* promotes to an oplax monoidal map.

From these results, we find

12 An oco-category € and two subcategories Ceg, Cin c C containing every equivalence such that the map
(Ceg)™ xe= (Cin)™ =~ (€)%, (frg) = gof

is an equivalence. Informally, this just means that every map in C factors uniquely as a map in Ceg followed by a map in
Cin-

13 A bisimplicial object in An satisfying the Segal condition in each coordinate. Informally, this is a grid where the first
category lies horizontally, and the second lies vertically.
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Corollary C.1.3. If X is an co-topos, and A € Mon(X) ~ Alg(X*) is a monoid-object, then there is an
oplax monoidal functor

ABMod4(X*) ————— 1 BMody (X*) ~ X

induced by the canonical map A — x. It takes an object M to * ® 4 M ®4 *.

Remark C.1.4. We denote * ® 4 M ®4 * by A\M/A, and call it the double quotient. Explicitly, it is
computed as the colimit over the simplicial diagram

AQXMXAQEAxMxAigM.

The monoidal structure on 4 BMod 4(X*) is called the twisted product or the diagonal action and will be
denoted by — x4 —. Explicitly, M x* N is computed as the colimit over the simplicial diagram

EMXAQXNEEMxAxNingN

Lemma C.1.5. If X is an co-topos, and A € Grp(X) c Mon(X) is a group-object, then there is a cartesian
square

A\(M x4 N)JA —— (A\M/A) x (A\N/A)

l l(OCR,aL)

*[A T (x/A) x (A\x)

for every M, N € 4 BMod4(X*), where I : x/A - A\* denotes the equivalence provided by the inverse
map (=)' : A5 A, and ag: (A\M)/A - +/A and af, : A\(N/A) - A\* are the maps classifying the
right action on M and the left action on N, respectively.

Proof. This follows from [NSS14, Lemma 4.5] and the fact that the left and right actions commute, so

(MJAXAN) | \MXN ) 4\ (0 <A V)4,
Adiag Adiag
where Agiag denotes the diagonal action. O

We recall some notation from [HM24].

Notation C.1.6. (a) Let ™ c [m] x [m]°" denote the poset of pairs (i,5) such that 0 <i < j < m,
and let ™ denote the full subposet spanned on objects (4,j) with |i —j| < 1.

(b) A functor F': ™ — A is cartesian if F is a pointwise right Kan extension of its restriction to
Equivalently, if each square is a pullback in A. Let Fun®*( ™, A) c Fun( ™, A) denote the full
subcategory spanned by cartesian functors.

Note that the restriction Fun( "™, A) — Fun( ™", A) is fully faithful ([Lur09, Theorem 4.3.2.15]),
and that it induces an equivalence Map®®*( ™", A) = Fun( ™", A)* - Map( ™", A) of anima.

(¢) A functor f:[m]°®? x[n] = A is cartesian if it is a right Kan extension of its restriction to the poset
L™" c [m]°P x [n] spanned on vertices (i¢,n) and (0,7) for i € [m] and j € [n].

Let Fun®"*([m]°P x [n],.A) ¢ Fun([m]°P x [n],.A) denote the full subcategory of cartesian functors.

(d) If A is an oo-category, then there is a double category Sq(A) € DCat given by

m

Sa(A)([m],[n]) = Map([m] x [n],A) = Fun([m] x [n], A)"
There is a double subcategory of Sq(A)!°P given by
Sq“ (A)' P ([m], [n]) = Fun®"*([m]°? x [n],A)".

Recall C.1.7. If (C, Cy) is a geometric setup where € admits finite products, then the category Corr(C, €p)
promotes to a symmetric monoidal category

Corr(€,Cg)® =~ Corr((CP)"°P ;).
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where (€°P)“°P — Fin, is the coCartesian operad dual to €*, and €5 = (€3")"°P xgiser Fin;. The symmetric
monoidal structure on Corr(C, Cp) is given by the cartesian product in €. For example, the cocartesian
lift of the map « : (2) - (1) given by a(1) = a(2) =1 is the span

XxY

N
eY X x

X Y

C.2 Convolution

The goal is to prove the following theorem:

Theorem C.2.1. If X is an co-topos, and A € Grp(X) c Mon(X) ~ Alg(X*) is a group-object, then the
oplax monoidal functor from Corollary

A BMod (07) — 24 M A\M/A

induces a lax monoidal map
4 BMod 4 (X*)®4 —— Corr(X)®.
Consequently, there is an induced map
Mon(X) 4/ =~ Alg(X*) 4/ ~ Alg(4 BMod 4 (X*)®4) —— Alg(Corr(X)®)

so if M is a monoid-object in X with compatible left and right actions from A, then the double quotient
A\M /A becomes a monoid-object in Corr(X).

Note that the equivalence Alg(X*) 4, ~ Alg(4 BMod 4 (X*)®) says that there are no “exotic” compatible
left and right actions of a monoid object A on some other monoid object M. Indeed, as these determine
and are determined by a map A - M.

Lemma C.2.2. Let F': O —» Cats be a functor with corresponding coCartesian fibration p: ¢ - O and
Cartesian fibration F': €' - Q°P.

(1) There is an orthogonal factorization system
ep—coCart,ﬁb = (ep—coCart - G« eﬁb)

where €p_cocart C € is the wide subcategory spanned on p-cocartesian lifts, and Cgp, = C x¢ 0b(0O) is
the wide subcategory consisting of only maps in the same fiber.
(2) There is an equivalence of double categories

Sq(e)p-coCart,ﬁb = Sq( e,);—o(l;armﬁb

that on [1] x [1]-simplices is given by

X — HX X+— "X
L =] |
Y — fiY Y +— f'Y
Proof. This is a consequence of Lurie’s straightening-unstraightening. O

Lemma C.2.3. Let (A, Ag) be a geometric setup.

(1) The category Corr(A,Ap) promotes to an orthogonal factorization system

Corr(A, Ag)Leg.Reg = (AP 5 Corr(A, Ag) <& Ay) € OFS,

where Leg and Reg denote the left and right leg inclusions.
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(2) There is an equivalence of double categories
Fact (Corr(A, Ao ) Leg Reg) = Sq° 0 (A)LoP

In particular,
Fact(corr(e7 GO)%eg,Reg) ~ chart,eo ((eop)u,op) ~ chart,eo (ex)

Proof. (1) is evident, as any span uniquely factors as

Y Y Y
f/ Y‘ ~ id/ \9/‘ ° j/ \iji
X A Y A X Y
For (2), note that Fact(Corr(A, A)")([m],[n]) sits in the cartesian square

Fact(Corr(A, Ag)")([m],[n]) —————— Map([m] x [n]*,.A°) x Map([m]* x [n],Ao)

l cart l(Leg,Reg)

Map([m] x [n], Corr(A, Ag)) —— Map([m] x [n]*, Corr(A, Ag)) x Map([m]* x [n], Corr(A,Ap)).
There are functorial maps

Sqe A0 (A) P ([m], [n]) — Map(Corr([m]* x [n], [m]* x [n]), Corr(4, A0))

(Leg™ Reg) - p([m] x [n], Corr(A,Ap))

and

Sq° 40 (A) P ([m], [n]) € Map([m]* x [n], A
— Map([m] x [n]%, Aop)xMap([ " x[n],Ao),

which induce a map of double categories
Sqeart-Ao(A)Lop — 5 Fact(Corr(A, Ag)t)
By the Segal condition, it suffices to show that this map is an equivalence on the bisimplices [0] x [0],

[0] x [1], [1] x [0], and [1] x [1]. The first three follow more or less by definition. For [1] x [1], note that
there is a commutative diagram

chart Ao(ﬂ)lop([ ] ® FaCt(COrr(-A AO)T)([ ] [ ])

\ —

Map(A3,A)

where the left map is induced by A3 = (0 - 2 < 1) = ((0,0) - (0,1) < (1,1)) (the bottom left corner),
and the right map is induced by

Fact(COI"r(A,Ao)T)(UL [1]) —— Map([1] x [1]%, Corr(A, Ag)) x Map([1]* x [1], Corr(A, Ao))

|

Map([1] x {1}, Corr(A, Ag)) x Map({0} x [1], Corr(A,Ap))

|

Map(AZ, 4) + Map([1], 4) x Map([1], Ao)
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The fiber over (X Lly? Z): A3 - A in Sq“ 0 (A)1°P([1],[1]) is contractible, as it parametrizes
pullbacks of that cospan. Similarly, the fiber in Fact(Corr(A,A)")([1],[1]) is the full sub-anima on
quadruples of spans satisfying

Z X w w
[V\M | N N ] N
Y Z X Y w A X w

Consequently, the square

X<f—W

fJ( J’g'
Y — 72
is cartesian, so the fiber is contractible. Hence by the 2-out-of-3 property, the map (!) is an equivalence. [

Proposition C.2.4. Let p: C® — Assoc® be a monoidal operad, and let (D,Dg) be a geometric setup
such that D has finite limits. If F': Cy - D, ~ (D°P)~°P ig an oplax monoidal functor such that

(i) for every f: X ~ @™ X; » Y ~ @™ Y;, a: (m) - (n) in Assoc®, and i = 1,2,...,m, the square

Ha—l(i)F(Xi) — F(®jea1(i) X;)

! |

Ha-1) F(Y)) ¢ F(®jea1(1) Y5)
is cartesian (in C), and
(ii) F:€ — D factors through Dy,
then F' promotes to a lax monoidal functor
C® —— Corr(D,Dy)®

that takes

(1) an object X ~ @™, X; € D® over (m) € Assoc® to F(X) ~ @ F(X;) € (CP)-°P,

(2) a morphism X ~ & X; Ly« @, Y; over a: {m) — (n) € Assoc® to the span

DiL1 F(®jea1(i) X;)

in1 F(Xi) i1 F (Vi)
(3) and a 2-cell X LY % 7 over (m) S (n) L4 (k) to the span

B F(®je(pa) (i) X5)

D21 F(®jea-t(i) Xj) D1 F(®jes1(1) Y5)
oplax oplax x@
/ F(f)
i F(Xi) @ F(Y3) @, F(Z:)
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Proof. In general, if p: C® - O® and ¢: D® — 0% are O-monoidal operads, and I : €y — Dg is an oplax
O-monoidal functor (i.e., a functor of dual operads over Og), then there is a map

1 Fo— 1
FaCt(ei;?‘COC&rtyﬁb) - Sq(e®)p—coCart,ﬁb = Sq(e®)q-%)art,ﬁb - Sq(®®)geol?eral,ﬁb

where Sq(iD®);§feral) ap denotes the category of squares in Dg for which the vertical maps are in the same
fiber.

In our setting, the two assumptions assert that this composite factors through chart’Da((QOP)u’OP);
indeed, we need F' to take the (cartesian) square (in Cg) on the left to a cartesian square (in Dy) on the
right:

i Xi —— @L1(®jea1(i) Xj) i F(Xi) —— @i F(Qjea1(i) Xj)
EBZIYZ D — EB?:1(®j€cr1(i)yj) @21 F(Yz) A @?:1 F(®jea*1(i)yj)

Since Dy is a (dual) operad, we can find cocartesian lifts factoring the square on the right as

@ F(Xi) «— @i [Tjea1(s) F(Xj) — Dity F(®jca-1(iy X;)

| ! |

21 F(Y:) ¢—— @1 [jea1() F'(Xj) +— Ol F(®jea1(i) Yy)
The left square is cartesian, so it suffices to show that the right square is as well, but this is exactly

assumption (i). So by Lemma and the full faithfulness of Fact : OFS — DCat [Jur25, Theorem
A], there is a map of orthogonal factorization systems

® ; ®
ep—coCart,ﬁb COIT(@’ DO )Leg,Reg .

By construction, the underlying functor is a lax monoidal functor

C® —— Corr(D,Dy)®

which behaves exactly as claimed in (1), (2), and (3). O
Proof of Theorem . Tt suffices to verify condition (i) of Proposition as (i) is trivially satisfied
in the case at hand. For simplicity, we will treat the case |a™(7)| = 2. From Lemma , the outer

square and the right square are pullbacks, and therefore the left one is as well:

A\(X; x4 X)JA ——— A\(Y1 xA Y3)/A ——— /A

! ! !

A\X /A x AAXy/A —— A\Y1/Ax A\Yo/A —— +[Ax A\»

Recall that the operadic structure on LMod 4(X*)®4 is the diagonal action, so this proves (i). O

Remark C.2.5. If D : Corr(€)® — Cat™ is a six-functor formalism (a lax symmetric monoidal map),
then Theorem implies that there are maps

Alg(4 BMod4(€*)®4) —— Alg(Corr(€)®) —— Alg(Cat™) ~ Mon, X — D(A\X/A)*
We think of an object X € Alg(4 BMod4(C*)®4) as an “A-A-equivariant monoid in €”, and the monoidal

category D(A\X/A)* as “A-A-equivariant sheaves on X”. The monoidal structure — * — is called convo-
lution. Explicitly, if m : X x* X - X is the multiplication on X, then the multiplication on A\X/A in
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Corr(C) is given by the span

A\(X®4X)/A
A\X/Ax A\X/A A\X/A,

and thus the monoidal structure on D(X) is given by
D(A\X/A) x D(A\X/A) —2= D(A\X/Ax A\X/A) P22 DA\(X @4 X)/A) —™5 D(X)

Example C.2.6. Let C =~ Shv(Affipqc), our monoid-object is LG which is acted upon by L*G by left and
right multiplication, and D is the constructible six-functor formalism on the underlying analytic topology
with a given stratification (e.g., the one in L*G-orbits), then we get a convolution product on the double
fpqe-quotient Hekg = L*G\LG/L*G, or equivalently, L*G-equivariant constructible sheaves on the affine
Grassmannian Grg = LG/L*G with L*G-orbit stratification.

We also get a version for the Beilinson-Drinfeld affine Grassmannian.

Remark C.2.7. The idea of embedding the problem into double categories was communicated to me by
Robert Burklund.
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